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Abstract. The generic renormalization group map associated to a weakly coupled system 
of fermions at temperature zero is treated by supplementing the methods of Part 1. The 
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the sequence of renormalization group maps. 
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XI. Introduction to Part 3 



We use "sectors" to construct norms that allow nonperturbative control of renor- 
malization group maps for two dimensional many fermion systems. Thus from Section XII 
on, we assume that the dimension d of our system is two. Notation tables are provided at 
the end of the paper. 

We assume that the dispersion relation e(k) is r + d + 1 times differentiable, with 
r > 2, and that its gradient does not vanish on the Fermi surface 

F = { {ko, k) e IR X IR*^ I /co = 0, e(k) = } 

It follows from these hypotheses that the gradient of the dispersion relation e(k) does not 
vanish in a neighbourhood of F and that there is an r + d+1 times differentiable projection 
TTp to F in a neighbourhood of the Fermi surface. We assume that the scale parameter M 
of Section VIII has been chosen so big that the "second doubly extended neighbourhood" 
{ /c e IR X I ^''^-^^(A;) ^ ^ is contained in the two above mentioned neighbourhoods. 
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XII. Sectors and Sectorized Norms 



From now on we consider only d = 2, so that the Fermi "surface" is a curve in 

H X H^. 

Definition XII. 1 (Sectors and sectorizations) 

i) Let / be an interval on the Fermi surface F and j >2. Then 

s = { k in the j^^ neighbourhood | TTpik) ^ I } 

is called a sector of length |/| at scale j. Recall that TTpik) is the projection of k on the Fermi 
surface. Two different sectors s and s' are called neighbours if s' fl s 7^ 0. 

ii) If s is a sector at scale j, its extension is 

s = { A; in the j^^ extended neighbourhood | 7ri?(/c) G s } 

iii) A sectorization of length I at scale j is a set E of sectors of length [ at scale j that obeys 

- the set S of sectors covers the Fermi surface 

- each sector in E has precisely two neighbours in E, one to its left and one to its 
right 

- if s, s' e S are neighbours then jq^ < \s f] s' (1 F\ < |[ 
Observe that there are at most 21ength(F)/[ sectors in E. 




We will need partitions of unity for the sectors, as well as functions that envelope 
the sectors - i.e. that are identically one on a sector and are supported near the sector. Their 
Li-Loo norm will be typical for a function with the specified support. To measure it we 
generalize Definition IV. 10. 
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Definition XII. 2 The element Cj of ^d+i is defined as 

\S\<r \S\>r 
|i5o|<ro or |i5o|>ro 

Lemma XII. 3 Let T, be a sectorization of length j^jj^3/2 < ^ < M(j-i)/2 o,t scale j > 2. Then 
there exist Xs{k), Xsik), s G S that take values in [0, 1] such that 

i) Xs is supported in the extended sector s and 

Yl: Xsik) — 1 for A; in the j^^ neighbourhood 

ii) Xs is identically one on the extended sector s, is supported on the j^^ doubly extended 
neighbourhood and Xs{k) ■ Xs'(^) = if sHs' = Furthermore, J d^k ^^j^^J:^^]^-)^ < const 

Hi) 

||Xs||l,oo5 ||Xs||l,oo < const Cj-i < const Cj 

with a constant const that does not depend M , j, T, or s. 

The proof of this Lemma is postponed to §XIIL 

Definition XII.4 (Sectorized representatives) Let E be a sectorization at scale and 
let m, n > 0. 

i) The antisymmetrization of a function (p on B"^ x x S)"^ is 

Ant(^(?7l,---,r7^; ($l,Sl), •■•,($„, = ^^JJ^ ^ <^(»77r(l),---,»77r(m); (^•;r'(l)'S7r'(l))r--,(€,r'{K).S7r'(n))) 

ii) Denote by J-m{n', S) the space of all translation invariant, complex valued functions 

V{vi,---,Vm; {^l,Sl),---,{^n,Sri)) 

on B'^x (i3xE)''that are antisymmetric in their external (= i]) variables and whose Fourier 
transform <^(?7i,---,'?m; (€i,si), ■■■,(€«,««)) vanishes unless ki G Si for all 1 < j < n- Here, = 
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iii) Let / e J-m{'n) be translation invariant. A E-sectorized representative for / is a function 
if e J^min-., S) obeying 

f{fll,---,flm;il,---,in)= <^(j?l,---,'7m; (ll,Sl),-",(ln,Sn)) 

for all = {ki, ai, a^) with ki in the j^^ neighbourhood. 

iv) Let ^((5,3), {£,' ,s')) be a translation invariant, spin independent, particle number conserving 
function on [E x S)^. We define u{k) by 

K,a'U{k) = ^ •u((fc,(T,l,s), (fc,cr',0,s')) 
s,s'GE 

Example XII. 5 Set 

V{'n^,■■■,Vm■,{.il,8l),■■■,{S.r^,Sr^)) =11 (< Xsii^i,^) / , - ,»?m ; , ' ' ' ,C ) 

where Xs is the partition of unity of Lemma XIL3 and Xs was defined in Definition IX.4. 
Then (p is a E-sectorized representative for /. 

Recall that we want to control the renormalization group map Qc on /\^ V, where 
A is the Grassmann algebra generated by the fields (p{r]) and V is the vector space generated 
by the fields '(/'(s)- We shall do this by controlling norms of sectorized representatives of 
the coefficient functions. In preparation, we consider a renormalization group map that is 
adjusted to the sectorization. 

Definition XII.6 

i) Vj: is the vector space generated by ip{^,8), ^ E B, s E T,. I{ (p E TrrSji'i we define the 
element Tens(<^) of ® V®"^ by 

^ Cm n 

i = l, ■ ■■,n 

and the element Gr{(fi) of A^ (8) A" as 

/m n 
n drji n dCj v{vi,---,Vm;iii,si),-,iin,Sr,)) (t>{vi) ■ ■ ■ <t>{vm) V'lSi.si) • • •V'(^n'Sn) 



Elements of A(S) /\Vj: are called sectorized Grassmann functions, 
ii) Let 

/m n 

be a Grassmann function with Wm,n G ^m{'n) antisymmetric in its internal (= t/j) variables. 
A sectorized representative for W is a sectorized Grassmann function of the form 

w= X) Gr{wm,n) 

m,n>0 

where, for each m, n, Wm,n is a sectorized representative for Wm,n that is also antisymmetric 
in the variables (^i, si), ■ ■ ■ , 



Remark XII. 7 Let Iq be the ideal in /\^ V consisting of all 

n>Q J 7=1 



n>0 J j=l 

obeying 



Wn{{ki,ai,ai),---,{kn,crn,an)) = for all ki, - ■ ■ ,kn in j^^ neighbourhood 
and let V^^ be the linear subspace of Ve consisting of all 

v^Y. I di^{{i,s))i^{i,s) 

obeying 

(p{{k,(T,a,s)) = unless k & s 

Furthermore let tt : — ^ ^ be the linear map that sends ip{^.,s) G Vj: to G V. 

It induces an algebra homomorphism from Aa ^e to /\j^V, which we again denote by tt. 
Then the sectorized Grassmann function it; is a sectorized representative for the Grassmann 
function W if and only if w e /\^ V^^ and ^{10) - W G Jo- 
Proposition XII. 8 (Functoriality) Let C(^,^') be a skew symmetric function on B x B. 
Assume that there is an antisymmetric function c((^, s), (^', s')) G J-'o{2; S) such that 

c(e,e')= E c((e,.),(e',«')) 
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and 



c((A;, cr, a, s), (k', a', a', s')) = 
unless^^^ k E s, k' E s' . Define a covariance on by 



i) If (f & J-^o{n; S) then 



E 



^1 /"l^Ti^S 



a) Let W(0; 'i/') 6e an even Grassmann function and w a sectorized representative for W. 
Then flcsi"^) '^^ ^ sectorized representative for Vtc{W)- 
For any C{i), set, with some abuse of notation, 

(cc)(e,^) = / < c(e,o ao 

Then \(f)JCJ(t) + ilcs (^)(</': + C* o- sectorized representative for Q^cO^) ■ 

Hi) Let W(0; V') be a Grassmann function and w a sectorized representative for W. Then 
:w:c-s is a sectorized representative for :W:c- 

Proof: i) First consider n = 2. Then 

E / / d6d^2</?((6,Sl),(^2,S2))V'(6,Sl)V'(^2.«2)rf//Cs(V') 

= d4lde2<^((4l,Sl),(e2,S2))Cs(V'(6.Sl),V'(6,S2)) 

= Y / d6d^2¥'((6,si),(6,S2))c((ei,ti),(6,t2)) 

t2ns25^0 



E / deid$2<^((€l,Sl),($2,S2))c((a,tl), (e2,t2)) 



diidC2 



E ^((ei,si),(e2,s2)) <^(si,S2) 

si,s2es 



d$id52 



E V'((ei.si).(e2,s2)) V'(ei)V'(e2)(i//c(^) 

si,s2es 



The hypothesis c ((^, s), (^', s')) G J-^o{2; S) imphes that c ((fc, • , s), (A;', ■ , s')) vanishes unless fc G s, 
fc' G 3'. Here we further require that c ((fc, • , s), (fc', • , s')) vanish unless k and fc' are in the j*^ 
neighbourhood. 
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In the third equahty, we used conservation of momentum to imply that 



J d6d?2</?((ei,Sl),(C2,S2))c((ei,tl), (e2,t2)) =0 



unless Si n ti 7^ and S2 fl ^2 7^ and hence unless Si fl ti 7^ and S2 H ^2 7^ 0- 

The claim for general n is now proven by induction on n using integration by parts 
(see, for example, §11.2 of [FKTrl]). 

ii) Set W' = W — 7r(w) G Iq- By assumption, C[{k,a,a), {k',a',a')) = unless k and k' 
both lie in the j^^ neighbourhood. Therefore / /{if; + () d^ciC) e Iq for all /(C) e Iq- 
Consequently 

since 1 — e^'^*^'^^ e Iq and Iq is an ideal. In particular 

Z{tt{w)) = J e'^(^)(°''^)d/xc(C) = J e^(°'^)d/xc(C) = ^(>V) 



so that 

1 



Z(7r(«;)) 

Expanding the power series for log(l + x), one sees that 



nc{7T{w))-ncmeio 



As Cj:{v,v') = C(7r{v),n{v'))j for all v^v' E , functoriality of the renormalization 
group map (Remarks III.3 and Ill.l.i of [FKTrl]) implies that Oc(7r(M;)) = 7T{ncAw)). 
So QcO^) — '^(^Cs(«')) ^ Iq- Also, by construction, flc-s{w) G /\^ V^*^. Hence, by Remark 
XII. 7, ^Icj:{w) is a sectorized representative for ^^^(VV). 

If v(0, V') is a sectorized representative for V{(f), ip), then v(0, ip+CJcf)) is a sectorized 
representative for F(0, ip+CJcf)). Therefore the second claim follows from the first and Lemma 
VII.3. 

iii) is an immediate consequence of part (i) and Proposition A.2.i of [FKTrl]. 
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Definition XII.9 (Norms for sectorized functions) Let S be a sectorization at scale 
j >2 and let m, n > and p > be integers. 

i) For a function on B"^ x [B x S)"^ we define the seminorm \(fi\p to be zero if m > 1, 
p > 2 or if m = 0, p > n. 

In the case m > 1, p = 1 we set 

In the case m = 0, p < n we set 

= max. ^ "^ax J2 ll^((5i.«i).-,(en,s„))||i,oo 

^' l<ii<---<ip<n S{. ,---,S{„eS ■'^ — ' 

^ s^GS for 

In both cases, the || • ||i^oo norm (defined in Example II. 6) applies to all the position space 
variables. Furthermore, maxima acting on a formal power series ast^ are to be applied 
separately to each coefficient as- 

ii) Let / G (V^^^^^ be a sectorized Grassmann function. Then there is a unique 
(f G J-'m{n; S) such that / = Tens((/7). By definition 

J. if </? is translation invariant, conserves particle numbers 
and is spin independent 

oo otherwise 



Example XII. 10 Let / G Tmin) with m > 1. Then / has a sectorized representative (p 
fulfilling 

M1,E<(^)"S"II/I|l,00 

Proof: Select a sectorized representative (f for / as in Example XII. 5. For each choice of 
sectors si, • • • , s„ of sectors in S 

||<^(»7l,-",'?m; (6,Sl),---,(^K,Sn))||l,00 = 11/11 {^'i Xsj(^i,^-)) f {m ' ' ,'nm\ (.1 , — ,£.n)^-^^^ 

J i=l ' 
n 

^ ll/l|l,oo n ||XsJ|l,cx> 



< const Cj_i ||/||l,oo 

by Lemma IL7 (n times) and Lemma Xll.S.iii. As there are sectors, the claim follows 
from the Definition. 
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Remark XII. 11 Let X> be a decay operator and (f a function on (B x E)"^. Then 



Lemma XII. 12 Let e J'o{ti; S) he a sectorized representative for a translation invariant 
f & J-Q (n) . Then, for p < n, 



^2 s\ 

JeiNoxisrg 



max 

D differential operator 
with 5(D)=5 



sup |D/(i7i,---,f7„)| 



Vl-\ l-Vn=0 

^lj'''j^n in neighbourhhood 



Here fji = {ki,ai,bi) and the differential operators D are defined in Definition X.2.iii. 

Proof: Fix a differential operator D = D^^^^.'^^ • • • ^Ug^vg ^^d let V = Vf^^^^.^^ ■ • ■ Vf^^^^^^ be the 
corresponding decay operator as in Definition IL3. Fix any fji = {ki,ai,bi), 1 <i <n with 

n 

ki, - ■ ■ ,kn in the j^^ neighbourhood and ^ (— = 0. Then 



SO that 



D/(^l,---,r7n)| < I n C^C^ |^^((Cl,Sl),---,(Cn-l,Sn-l),(0,a-n,6„,S„))| 



p-|-l<i<7T, 

<2^' max E |||2^¥'((-,si),---,(-,Sn))|||i 

p+l<i<ra 



,oo 



since each ki can be contained in at most two sectors. 



Remark XII. 13 We will use the norms of Definition XII. 9 in a multi scale analysis to prove 
existence of Green's functions in the position space Loo-norm. This is the reason why we 
take the suprema over the external variables rji, ■ ■ ■ ,r]m, and why we do not "sectorize" these 
variables. 

In Section XVI, we will introduce another set of norms, designed to study the 
smoothness properties of the amputated two and four point functions in momentum space. 
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Lemma XII. 14 Let T, be a sectorization and let (p be a function on B'^ x (B x S)"^, cp' 
be a function on B'^ x (B x E)" and 1 < i < n, 1 < i' < n' . Define the function 7 on 

Qm+m' X (5 X S)"+"'"^ by 

7('7l''''''7m+m';(5l'Sl),---,te-l,Si_l), (^i + l,Si+l),---,(^„_,_i/_i,S„_,_^/_l), {£,n+i' + 1 '^n+i' + l) ' ' ,{£.n+n' '^n+n')) 

• ^'ivm+l,---,Vm+m'' ,Sn+l) ■ ■ ,{^ri+i' -I'^n+i' -l) ' (C,s'). (C+i' + l ''STi+i' + l ) ' • ' '■^n+n' )) 



// m = or m' = 0, 



PliP2 odd 

for all odd natural numbers p. 

Proof: The variable indices for 7 lie in the set / U /', where 

/ = 1, z + l,---,n} 

I' = {n+l,---,n + i' -1, n + i' + l,---,n + n'} 

Fix ui, ■ ■ ■ ,Uq E I, Uq+ij ■ ■ ■ Up E I' and fix sectors , ■ ■ ■ , Su^ € S. 

First assume that q is odd. Then p — g is even. By Lemma II. 7, for each choice of 
sectors s^, u E I U I' \ {ui, ■ ■ ■ , Up} one has 

||7('7l'-"''7m+m' ; (6, Si), ••• ,{^i-l,Si-l), (^i+l,Si+l), ••• ,($„_,_j/_,_i,S„_,_j/ + i), ••• 1 1 1 ,00 

— X] (6, Si), ••• ,(^i-l,Si-l), (C,S), (^i+l,Si+l), ••• ,(^n,Sn))||l,00 

■ Wf' {Vm+l,---,Vm+m'' (^n+l,Sn + l), ••• ,S„+i'_l), (C',*'), •" ,(^n+ri' 'Sn+n' )) || 1,00 

Observe that for every s e S there are at most three sectors s' such that s' (Is ^ $. Conse- 
quently 

•,'7m+m';(?l,Sl)>---,(€i-l,Si-l), (?i+l,Si + l),---, {^n+i'+l^'^n+i' + l)'---'iin+n'''^n+n'))\\l,00 
<3 ^ ||<^(»7l,---,»?m; (^l,Sl),---,($i-l,Si-l), (C,S), (€i+l,Si+l),---,(CK,Sn))||l,00 

■ ||<^'('7m+l,---,»?m+m'; (^n+l,Sn+l)---,(^„+i'_l,S„+i'-l)> (C'-s'), ■••,(^w+n'>Sn+K'))||l,00 

Me-r'\{-Uq_|_i .■•■,Mp} 

< 3 Iv^l^^s \v'\p-q+i,i: 

The case that g is even follows as in the case discussed above by interchanging the roles of (p 
and (fi'. ■ 
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We define "contraction" for sectorized functions as the obvious generafization of 
Definition III.l. 



2 

Definition XII. 15 Let c((^,s), {^',s')) be any skew symmetric function on (;B x S) . Let 

m, n > and 1 < i < j < n. For (p e J-mii^'i the contraction Conc(fi G J-'min — 2; S) is 

defined as 



'^j -^i £^ 



Proposition XII. 16 Let T, be a sectorization of length I at scale j > 2 and let 
c((^,s), (^', s')) e ^o(2;S) be an antisymmetric function. 

i) Let p be an odd integer, m, m' > 0, n, n' > 1 and ip e J^min', S), ip' e ^^/(n', E). /f m = 
or m' = 

I Cone Antext(^0¥'')Ls <9|c|i,e ^^x |^| |^'| 

P1,P2 °dd 

If m ^ and m' 

I Con, Antext liE ^ 9( (^', |) s l^'li e 

l^n+l ' 

izj Assume that there is a function C{k) that is supported in the j^^ neighbourhood, such that 
c((-, s), (•, s')) is the Fourier transform of Xs{k) C{k) Xs'{k) in the sense of Definition IX. 3 
and that \C{k)\ < for some e > 0. 

Let if e J-'min; T), n' <n and set, as in Definition III. 5 of integral bound, 

),-,(^n,S„)) 

SiGS J J 
1=1, 

where 

Then for all p 

with a constant Bi that is independent of j and S. 
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Proof: 

i) Set 



= I d<:dvip{vi,--,Vrr.;{C,f<),(^2,S2),-,{^n,Sn)) c{(C,t),{ri,t')) 



Then (-l)'"+iAntext 7 = Coiic Antext('/' ®^')- If m 7^ and m' then 

l^n+l 

I Cone Antext(</i' <H"/^0|i y = lAntext 7 li s 

<9( sup \c{{^,t),{^',t'))\) Mi^j, l^'l,^^ 

If m = or m' = 0, by iterated apphcation of Lemma XII. 14 

|7Le^3 max ^ / dC <^(»7i,---,'7m; (C,s),(e2,S2),--,(Cn,s™)) c((C,t),(r;,t')) l<>^1r,, E 



Pi,P2 odd snt^0 

< 9 max ^ |c|i ^ 

P1,P2 odd 



ii) Define the covariance C(^, to be the Fourier transform of C{k). By part (i) of Propo- 
sition XII.8, 

Since e ^m(^; 5]) 

n 

) ■ ■ ■ 5 (^n 



Consequently 



where 
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Therefore, by part (ii) of Proposition IV.3 

^Qn II / |<^(»7i,-",'?m;(6,si),---,(^n,s«))| 



with 



G = \ ^.Xsik?\Cm < e J < const 



Remark XII. 17 If C fulfills the hypothesis of part (i) of the Proposition, then 

c = 9 max { |c|i 5,, sup |c((^, s), (^', s')) \ } 

is a contraction bound for the system | • of seminorms. We shall show in Proposition 
XIII.5, that for C(^)(A;) = and < I < 

MU-i)/2 ' constant coefficient Co 
of c is bounded by const M^ . On the other hand, part (ii) of Proposition XII. 16 shows that 
b = const -y/ is an integral bound for C^^ with respect to this system of seminorms. Thus, 
if >V(V') is an even Grassmann function with sectorized representative 

00 „ 

the quantity iV(W; c, b, a) of Definition 11.23 of [FKTrl] (with V replaced by Vt.) has 
N{w; c,h, a)o < const I a'^ |«^2|i x; + ct"^ t |'"^4|i ^ + (const 3^)"|w2n|i e f 

' ' n>3 ' 

In contrast to the situation of Remark VIII. 8, this norm is of order one if \w4\^ is of order 
J, which is approximately the number of sectors. As (i = 2, this is a realistic estimate for the 
original interaction V, with all momenta restricted to the j*^ shell. Observe, however, that 
for d>3 this estimate is not expected to hold. See [FKTfl, §11, subsection 8]. 
For more precise control of W4 one also uses the norm |tU4|3 j^. 

To prepare for the application of Theorem VI. 6 in [FKTr2] about overlapping loops, 

we state 
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Proposition XII. 18 Let T, be a sectorization of length I at scale j > 2 and let 
c((^,s), (^', s')) e J7)(2;S) be an antisymmetric function. Let D{k), D'{k) be functions obey- 
ing \D{k)\, \D'{k)\ < |^fcg^e(k)| ^'^^ ^(('5 '>^^sp. s), (•, s')) be the Fourier 
transform of Xs{k) D{k) Xs'{k) resp. Xsik) D'{k) Xs'ik) in the sense of Definition IX. 3. 
Let 1 < zi,Z2,^3 <Ti, 1< ^^,^2,^3 < n' with H 7^ *2 7^ ^3 7^ H, ^1 7^ ^2 7^ ^3 7^ ^'^^ let p be 
an odd natural number. Then for e J-Q{n; S), e J-o{n' S) 

I Con Corid Conrf, ((^ ® ^ (^2 ,,+^,^,+3 I'^U.s l<^'U,i: 

»i^n+i; Z2^n+»i i3^n+i'^ ^^1+^2 ^^^+ 

a constant B2 t/iai zs independent of j and S. 

Proof: By the symmetry of the norms we may assume that ii — i[ — 1, 12 = i'2 = 2, is = 
z'g = 3. Set 

= [ tl (dCidr?0V'((Cl,Sl),(C2,S2),(C3,S3),($4,S4),---,($n,Sn))c((Cl,tl),('?l,ti)) 

Sj ,tj,t'. ,s' 6S J i=l 
i = l,2,3 

• rf((C2,t2),(T?2,t2)) C^'((C3,t3),('73,t3)) <y^' )' ('?2 ,^2 .Sg) , ($n+4 ,Sti+4) •••,($„+„/,«„+„/) ) 

Then 

(-l)^(''+^)Antext7 = Cone Cona Con^' ® 

ii^n+i'^ i2^n+i2 is— »n+i3 



Observe that (i((c,t), = if t n f = and that 



sup \d{ic,t),iv,t')\ < / Xt{k) \D{k)\xt'{k) 



< 



d^+^fc 2xt(fc) Xt'(fc) (XII. 1) 

(27r)'i+i \iko-e{'k)\ 



< const -j^ 



The same properties hold for d'. 
Set 



</f"((Ci,ti),(^2,S2),-,(^„',s„')) = J2 d»7iC((Ci,ti),(»7i,t'i))<^'((r?i,s;),(6,S2),-,(^„' ,«„')) 



By Lemma XII. 14 
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Furthermore <^"((A;i,cTi,ai,ti),(|2,s2),-", (!„',«„')) = unless ki e fi. Set 



/ 



dCl dC2dr]2 dCsdVS 95((Cl,Sl),(C2,S2),(C3,S3),(^4,S4),-",(^n,Sn)) ( (C2 ,t2) , (t?2 ,^2 ) ) 

• d'{{C3,t3),{V3,t'3)) <y^"((Cl,tl),(T72,S2).(%.«3)'(^"+4,Sri+4)---,(^„+„/ ,«„+„')) 

Then 

7((^4,S4),-",(^n,Sn), (^k+4,S 

= X] ^ 7((^4,S4),---,(^n,S„), (^n+4,S„+4)---, + ,S„+„/); Sl,tl, S2,t2,t2'S2, S3, tSiis'^'a) 

Si, ties B^,t^,t'.,s'.e's 

1=2,3 

and 7(- ; si,ti, S2,t2,4,s2, S3,*3,*3'«3) = unless si Hti ^ and Sj fl fl fl 7^ for z = 2, 3. 
By Corollary II. 8, for all choices of sectors, 

||7(( • :S4),---,( • ,Sn), ■ ,Sn+4)---,( • S2 ,^2 ,^2 ,«2 ' «3 ,^3 ,4 .Ss) 1 1 1,00 

< sup \d\ sup Id'l ||¥'((-,Sl),(-,S2),(-,S3),(-,S4),-,(-,Sn))||l,00 

■ Wii ■ • • ,S3).( • ,Sn+4)-,( • ,«„+„')) II 1,00 

The variable indices for 7 lie in the set / U where 

/ = {4, • • • , n} , /' = {n + 4, • • • , n + n'} 

Fix til, • • • , tig e /, ■ ■ - Up & I' and fix sectors s^^, • • • , s^^ e S. First assume that q is 

odd so that p — q is even. Then, by (XII. 1) and the estimate on 7 above 

S ||7((- .«4),-",(- (• ,Sn+4)---,( • ,«„+„')) II 1,00 

r2 

< const X) ||¥'((-,Sl).(-.S2),(-,S3),(-,S4),-,(-,Sr.))||l,00 



max ^ ||(/p"((-,ti),(.,4),(-,4),(-,s„+4)---,(-,s„+„/))||i,oo 

ie/'\{tlq_|_l,---,Up} 

< const ^ \ip\^ ^ \(p"\p_g+s^j: 

< const ^ Icli j, l^lg j, l^'lp-Q+3,E 

The case that g is even is similar. 
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To treat source terms, we state, motivated by Definition VII. 4, 



Lemma XII.19 (External improving) Let C{k) he a function obeying \C{k)\ < |^fcQ^e(k)| 
and c((-, s), (•, s')) he the Fourier transform of Xs{k) C{k) Xs'{k) in the sense of Definition 
IX. 3. Let (f e J-mii^'i S), 1 < z < n and set 

'fi'{vi,---,Vm+l ; (?l,Sl),---,(5„_l,S„_l)) 

= Antext J2 dCdC' <p{vi,---,Vm ■,(^l,Sl),---,i^i-l,Si-l),{C' ,t),{^i,Si},---,(^ri-l,S„-l)) 

8,t,t'eT,J X T/ X 

• c((C',t',),(C,s)) J(C,r?r„+l) 

Then 

{t|c|i e if m = Q 
mJ ifm^O 

with a constant that is independent of j and E. 

Proof: First consider the case m = 0. Define the function ip" on (B X S) X (B X S)"" by 

= dcdC' <^((^l,Sl)-,(4i_l,Si_l),(C',t),(^i,Si),-,(^r.-l,Sr.-l))c((C',t'),(C,s))^(C,r?) 

Then 

^'{v ; (Ci,si)---,(C„_i,s„_i)) = (p"{{ri,s) ; (^i,si)---,(€ti-i,Sti-i)) 

Hence, by Lemma XII. 14, 
Now suppose that m ^ 0. Then 

|<^'(»7lr",»7m+l ; (6,Sl)---,(^n-l,Sn-l))|]^ ^ 



< J2 sup MCdC'd6,-d4«-i |</9(77i,-,»?m ;(6,si),-,(C',t),-,(4n-i,s«-i)) 

s,t,t' ■ C{(C',t'),{C,8)) J{C,Vm+l)\ 

< E ^ sup \c{{C',t'),{nrr^+l,s))\ 1 1 </?( 7?! ,7?^ ;(?!, S 1 ),•••, (C' ,t) (C„ - 1 , Sn - 1 )) 1 1 ^ ^ ^ 
Sl,---;Sri-l,* s,t' 77rrj+l,C' 

<9sup|c| Yl •••.'7m ;(Ci.si).---,(C',t), •••,(€ 



< const ^ 1^1 
by (XII.l). 
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XIII. Bounds for Sectorized Propagators 



In this Section we prove the existence of the partitions of unity, {xsik)}, and en- 
veloping functions satisfying Lemma XII. 3. We derive bounds on \c\^ , for various sectorized 
covariances cwhose Fourier transforms are related to Xs(^)^^~~^^Xs'(^), that, together with 
Proposition XII. 16, give good contraction bounds. 

The reason it is not easy to get good Li-LoQ-bounds on the propagators in position 
space is that integration by parts in Cartesian coordinates is not well suited to the curvature 
of the Fermi surface and the shells around it. This is why we introduce sectorization. If the 
sectors are not too long (more precisely, at most of order j^jj)^ the curvature of the sector 
has little effect. The first step in deriving Li-Loo^bounds using sectorization is 



Proposition XIII. 1 Let j > 2. Let I be an interval of the Fermi curve with length I and let 
f{k) be a function that is supported on { A; e IR^ | |i/co — e(k)| < -^gj, npik) ^ I }■ Set, as 
in Lemma IX. 6 



fix) = e 



Fix any point G /, let t and n be unit tangent and normal vectors to the Fermi curve at 
and let X|| be the component of yi parallel to t and the component parallel to n. There 
is a constant, const, depending on e(k), but independent of M, f, j and x such that 

i) For all multiindices 7 e INq x INq 



(S^)"(&)"('xii)^V'W 



S const sup 
k 



a) 



sup I /'(x) I < const j}2jSUp\f{k)\ 
X k 



Hi) If l> j^, then, for all multiindices S 



max 

T0<<S„+2 
71 +72 ^''l +"52 +3 



sup 

k 



[72 



MJ'(to+ti) 
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Proof: i) By integration by parts 



Use S to denote the support of f{k). Observe that S has volume at most const M~'^H, since 
ko is supported in an interval of length const M~^, the distance of k from F is bounded by 
const and the 7ri?(k) runs over an interval of length [. Hence 



{^ri^ri^^wrn^) <voi(5) sup {^d,,r{^n.v^y^{ii.v^rm 

k 



^ const j^2j sup 



ii) This is simply a restatement of part (i) with 7 = 0. 

iii) Set 

p{x) = [l + M-^>o|]^ [l + M-^>i| + [|x|||] 

By part (i) 
p{x)\x'f'{x)\ 

< const2^^+^^M^\^ 



Since 



\x 



■JT2J max sup 

Tl+72<'5l+'52+3 



< mI'^I^'[M-^>o|]'^° [M-^'|xx| + l|x|||] 



(w^^o)"°(lkn-V.)-([t.V.)-/(fc) 



<5i+52 



The desired bound now follows from 



J dx-^< const M^^ /I 
To see this, just make the change of variables xq — M^zq, xj^ = M^zi, xy = Z2/l- 
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We parametrize the Fermi curve F by arc length, using a real variable k' for the 
parametrization. To simplify notation, set k'(A;) = TTpik), the projection on the Fermi surface. 



Lemma XIII. 2 Let j > 0. Let I be an interval of the Fermi curve with length I e jwTTa] • 
Let x{k) = i?(A;o, e(k))0(k'(A;)) with R{x,y) vanishing unless \y\ < y/2l and © supported in 
I. Fix any point k^ e / and let t and h be unit tangent and normal vectors to the Fermi 
curve at k^. There is a constant, const, depending on ro, r and e(k), but independent of M, 
X and j such that, for all 7 e IMq x INTq with 70 < '^o + 2, 71 + 72 < r + 3, 

a-(n.Vk)"^(t-v.)-x(fc) 



[T2 

k 



< const max sup ['^|5i^0(k')| sup 

m+n<7i+72 



x,y 



1 









Proof: Since [ > and all derivatives of k'(/c) to order 71 + 72 are bounded, 

(^n- Vk)^'~^'(tt- Vk)^'"^'e(k'(/c)) < const max sup r |ai^G(k')| 



sup 

k 



'"<T1+T2 I,/ 
-/31-/32 



1 









for all /9i < 7i and < 72- So, by the product rule, it suffices to prove 
sup (;|^ij9fco)^'Xw""^k)'^'(rt-Vk)'^''-R(/co,e(k)) < const max sup 

fees n</3i+^2 K.j/ 

where 5 is the support of x(^)- Set tt = {1, • • • , /?i + /?2}5 

^n-Vk ifl<^</?l 
[t • Vk if /3i + 1 < ^ < /3i + /32 

and, for each tt' G n, d'^ — Ylien' '^i- -^^ product and chain rules 

P1+P2 

{^dk,y°d-R{ko.e{k))^ E 

n=l (7ri,...,7r„)eP, 

where Vn is the set of all partitions of tt into n nonempty subsets tti, • • • ,7r^ with, for all 
i < i', the smallest element of tTj smaller than the smallest element of tTj/. So to prove the 
Lemma, it suffices to prove that 



4- 

M^(4+») IIVA (^O'^(k)) n M^d-^e(k) 



max sup 

l</3i+^2<7i+72 fceS 



iVP(^n.Vk)"^(lt.Vk)'^^e(k) 
mH 



< const 



(XIILl) 



If /?i > 1 or /32 > 2, this follows from < 1. (Recall that [ < jjjj^-) The only remaining 

possibility is /9i = 0, /32 = 1- 

If t • Vke(k) is evaluated at k = k^, it vanishes, since Vke(k^) is parallel to n. The 
second derivative of e is bounded so that. 



-M-'Isup t • Vke(k) < const Mnsup |k - k;,| < const MH'^ < const 
kes kes 



since [ < 
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For the rest of this section, we fix a sectorization S of scale j > 2 and length 
j^j -3/2 < ^ < M(j-i)/2 ■ We choose a smooth partition of unity ©^(k'), s e E of the Fermi 
curve F subordinate to the sets sflF, such that 0s(k')| < const-^ for m = 0, 1, • • • , r + 3. 
Furthermore choose enveloping functions 0s(k'), s e S that are identically one on s fl F and 
obey \d^QsO^')\ < const^ for m = 0, 1, • • • ,r + 3 and 6^/ = if s n s' = 0. Set 



Xs{k) = D^^^\k) e,(k'(A:)) = ip{M^'-\kl + e(k)2)) e,(k'(A:)) 
= V^^^\k) e.(k'(A;)) = v{M^'-\kl + e{\if)) e.(k'(A;)) 

where i)^-^^ are the functions of Definition VIII. 4. 



(XIII.2) 



Lemma XIII.3 Let s eT,. Set for x = {xq, x) e IR x 



(2^ 



F 



Then 



\xo^X's\\l^ <constCj-i 



IXslUi <constCj-i, II^xIIIli < const j^j^ Cj -I, 
IXsIIli < constCj_3, W^x'sWl^ < const j^^^jjj Cj_3, \\xo^Xs\\l^ < constCj_3 



and 



IXsllz/i < const Cj-i 



Here, for a function f{x) on IR x 



is t/ie norm defined before Lemma IX. 6, and for a function g{x) on IR^ we set 



\9\\l^= E i / |xV(x)|(ix 



«o=o 



Proof: Fix a point k^ e s fl F and let t and fi be unit tangent and normal vectors to F at 
k'^. By Lemma XIII.2, with j replaced by j - 1 and R{x, y) = (p[M'^^-'^(x'^ + y^)). 



[T2 

71+72<'5l+'52+3 



d2:{h.v^r{i.v^rxs{k) 



< const 



(XIII.3) 
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for every multiindex 6 e IMq x INTq with Sq < tq and 6i + S2 < r. Here, we have used that 
M^~^\x\,M^~'^\y\ < y/2 on the support of R{x,y). Therefore, by Propositfon Xlll.l.iii, 



MU-^m J \x^X'{x) \ < const 



By Definitfon of || • this imphes that HXslli-i ^ const Cj-i 
By Lemma XIII. 2 and the product rule 



rT2 

max sup j^a-iK-ro+.i) 

Tl +T2 < '5l +^2 +3 



a£ (n ■ Vk) (t ■ Vk) {koXs {k)) < const 



and as above it follows that ||^^XsI|li < const j^j^ '^j-i- 
Again, by Lemma XIIL2 



[72 

rnax sup 

Tl +72 <*1 +52+3 



< const 



and the proof that ||xo^^XsIIli < constCj-x is as before. 

The bounds on Xs are obtained in the same way, with j — 1 replaced by j — |. 
The estimate on ||Xsll-Li follows from the fact that 



Proof of Lemma XII. 3: Parts (i) and (ii) of the Lemma are trivial. To prove part (iii) 
observe that 

for ^ = (a;, cr, a), ^' = (a;', cr', a!) G B. Therefore, by Lemma XIII. 3 

||Xs||l,oo < const IIXsIIli ^ constCj-l 

The estimate for ||Xsl|i,oo is obtained in the same way. ■ 

From now on, we fix for each sectorization E, a partition of unity Xs, s e S and a 
system of functions Xs, s G S that fulfill the conclusions of Lemma XII. 3 and Lemma XIII. 3. 
Recall from Definition XII. 2 that 



\S\<r \S\>r 
|<5()|<r() or \So\>r() 



Observe that by Corollary A. 5, there is a constant const that is independent of M such that 
for 2 <i < j 

Ci Cj < const Cj (XIII. 4) 
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Lemma XIII.4 Set 



and, for s,s' G S, let c^^\{^,s),{^' ,s')) resp. cM\{i,s),{^' ,s')) be the Fourier transforms (as in 
Definition IX. 3) of Xs{k) C^^\k) Xs'{k) resp. Xs{k) C^^\k) Xs'{k). Then 

i) c(^) ((.,.),(.,.')) = cW ((.,.),(.,.')) = ifsns' = <D. 

a) 

l^^^^lis' l^^^^liE - const M^Cj 

Hi) Let Cq\{^,s),{^' ,s')) the Fourier transform (as in Definition IX. 3) ofxsik) koC^^\k) Xs'{k) 
or Xs{k) e{k) C^^\k) Xs' (k) and let Cq\{S,,s),{c' ,s')) be the Fourier transform of either 
Xs{k)koC^^\k)xs'{k) or Xs{k) e{k) C^^\k) Xs'{k). Then 

ko'^li,E' l4'1i,E ^ const Cj 

iv) 

y |r max sup \v( 2C^^\its),(^' ,s'))\t^ < const jLcj 

Proof: Part (i) is obvious. To prove part (ii) fix sectors s,s' e S, with s s' ^ $ and a 
point e s n F. Let t and n be unit tangent and normal vectors to F at k^. First we claim 
that for all k in the intersection of s with the j^^ shell 



max 

/30<^0 + 2 
/3i+/32<r+3 



{mdkof\ikj^-^^.r{it.V^r-^^ <constM^- (XIIL5) 
To see this, set tt = {1, • • • , 

r if 1 < z < /3o 

di = I ■ Vk if /3o + 1 < i < /3o + /9i 
I It • Vk i£po + Pi + l<i<\P\ 

and, for each n' G n, d'^ — YlieTr' product and chain rules 

^'^T^ = Ei-^rm Y: {il^y^' n M^d-^iiko - e(k)) 
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In the sector s, \iko — e(k)| > const so that ^ iko-^e{\^) ) bounded uniformly in j. 

That M^d'^^{ikQ — e(k)) is bounded uniformly in j follows immediately from (XIII. 1) and the 
fact that Ifcol < on the j*^ shell. This proves (XIII.5). 

As in (XIIL3), for all k in the intersection of s with the j^^ shell, 



max 

/30<'^0+2 
/3i+/32<r-+3 



< const 



By Leibniz's rule it follows from this inequality and the inequalities (XIII. 3), (XIII.5) that 



Hence, by Proposition XIII. 1 



^feo • ^0 (t • X. (/c) C(^) {k) Xs' (k) 



< const 



Ic^^^li E < const M^Cj 



The proof for \c^^^\i is analogous. 

The proof of part (iii) is the same as the proof of part (ii) with (XIII.5) replaced by 



max 

/3o<ro+2 
l3i+t32<r+3 



max 

/3o<'~0+2 
Pl+l32<-r+3 



(idTSM,)*(idTft-v.)'''(it-v.)*n^ 



(HT9..)*(HTft-V.)*(lt.V.)*^ 



ifeo— e(k) 

e(k) 
ifeo— e(k) 



< const 



< const 



To prove part (iv), observe that, by (XIII.5) and the fact that Xs{k)C^^\k)xs'{k) 
is supported in a region of volume const 

max sup |P^2C^-'n(«.^).(^'.«'))| < const T^M^'^^+I"^!) 



for all So < ro and 151 < r. 



Proposition XIII.5 There are constants ti, const that depend on e(k) and M, but not on 
j or E with the following property: 

Let w((c,s), (^',s')) G J-'o{2;'E) be antisymmetric, spin independent and particle number 

conserving and obey \u\^ < + X^^^q ooi^ . Let 

c((C,s),(?',s')) be the Fourier transform (as in Definition IX. 3) of Xs{k)C{k)xs'{k) and 
co((C,s), ($',«')) be the Fourier transform of Xs{k) koC{k) Xs'{k) or Xs{k) e{\s.)C{k) Xs'{k)- 
Then 
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i) c((.,s),{.,s')) = ifsns' = 

ii) |c|i J. < const ^_Mj\\ ^ 

in) J2 jj sup \Vl2c{{U),{^',s'))\t^ < const ^ i_Mnul ^ 
iv) |co|i,s < const i_M'in|, 
Proof: Again part (i) is trivial. To prove part (ii), observe that 



C{k) = 



ifco-e(k) J- ifeo-e(k) ^ ^ ^ ^ 



n=0 

Introducing the local notation 

C^^\k-s,s')^Xs{k)C^^\k)xAk) 

we have 

Xs{k)C{k)xAk)^C^^\k-s,s')+Y. E E C^'\k-s,s") Y{u{k)&^\k-U,t',) 

n=l s"£E t,-,t'6S i=l 

for i = l,---,n 
with t^=s' 

Define the operator *-product of the sectorized functions A(($,s), (C',s')) and -B((c',s'), (?",s")) 
by 

s'.t'es 

Then, by part (i) of Lemma XIII. 4 

oo 

c = c^i) £ [^u*c^^^Y (XIII.6) 

n=0 

SO that by iterated application of Lemma XII. 14 and part (ii) of Lemma XIII. 4 

oo 
n=0 

oo , . ^ 

< const M-'cj (const MHj\u\^j.) 



const 



n=0 



1— const MJ Cj |u| 2 
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If Ti < min{- — ^7-, 1}, then, by Corollary A.5.i, with X = M^\u\i ^, A = and fj, = const' , 



|c|i,s < const 



iii) The bound 

is proven in much the same way as Lemma II. 7, but uses 



sup 



dc A(e,c)s(c,o <sup|A(e,c)| sup / de \B{c,o\ 



in place of 



sup Jd^'\J dc ^(e,c)5(c,eo| <sup j dc |^(^,c)|sup J d^'\B{co\ 



Repeatedly applying this bound to (XIII. 6) and using Lemma XIII. 4. iv yields 



jj sup \Vl^c{{^,s),i^',s'))\t^ 



n=0 



< 



const j^^Cj- {const Mhj\u\^ j.y 



n=0 



= const 



< const 



MJ l-const' MJCj|u|i 



iv) Repeat the proof of (ii) with (XIII. 6) replaced by 



n=0 



and using Lemma XIII.4.iii. 



25 



Lemma XIII.6 There are constants T2, const that depend on e(k) and M , hut not on j or 

E with the following property: 

Let, for K in a neighbourhood of zero, e ^o(2; E) he antisymmetric, spin independent 
and particle number conserving and obey \uq\iy. — W ^Sy^o ■ 

and Cf^{(^,s),(^',s')) he the Fourier transform of Xs{k)Cf^{k)xs'{k)- Let Cf^fi{{i,8),{i' ,s')) he 
the Fourier transform of Xs{k) kQC^{k) Xs'{k) or Xs{k) e{\!i)C^{k) Xs'{k)- Then 

i) \ d \ < const M^c,- 

) sup^,e,«,«' li^c«(($,s),($',s'))|^=ol ^ const ni^««U=oli,E 



Proof: The proof is similar to that of Proposition XIII. 5, using 



dK dn l-u^{k)C(3){k) 



= C(^) (k) ^— f (fc) C'(^) (A;) 

00 _ r n _ 

= C^^\k) E (ti.(fc)C'(^'Hfc))" £«.(fc)C'(^')(fc) {u^{k)C^^\k)f 

m,n=0 '- -' 

and Lemma A. 5, which imphes that ( — Tjjf — ■, — ) < const — Tjjf — j — . ■ 

Lemma XIII. 7 Let u{{^,s), (C',s')) be a translation invariant function on (B x E)^ with the 
property that u[{k, a, a, s), {k\ o\ a', s')) vanishes unless TTpik) G npis) and TVpik') G ivf{s') . 
Let ii{t) he a function on IR and set, for each A > 

/.A(/c)=/.(A2[/c2 + e(k)2]) 

(w*/iA)((e,s),(^'y)) = / dC u{{^,s),{c,s'))iiA{C^O 

Jb 

(Aa * u){{^,s), i^',s')) = dc u{{c,s), (e'y))AA(C,0 

Jb 

where fL\ was defined in Definition IX. 4- Denote j(A) = min { i eJN \ M' > A } . Then, 
there is a constant const, depending on n, hut not on M , j or A, such that 



\u 



*'^^ll,E ' I Aa *w| < const Cj(A) ^ 
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Proof: Let { | s e S } be the smooth partition of unity of the Fermi curve F that was 
chosen just before (XIII. 2) and set 

XA,s(^) = fJ'Aik) Os{7^F{k)) 
Then, by Lemma XIII.2 and Proposition Xlll.l.iii, as in Lemma XIII.3, 

||XA,s||i,oo ^ const Cj(A) 

We treat u* jiA- The other case is similar. As 



u * 



s"nsV0 



Lemma II. 7 imphes that 

||w*Aa((-,s), (•,s'))||l,oo < X] const Cj(A) • (•,«')) || l,oo < const Cj(a) || w(( • ,s), ( • ,s')) || 1,c 



s"6E 

s"nsV0 



since, for each s' e E, there are only three s" e E with s" n s' 7^ 0. The Lemma follows. 

Remark XIII. 8 In the notation of Lemma XIII. 7, 

{u * iiAyik) = {fiA * uy{k) = u{k) iJ,A{k) 
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XIV. Ladders 



In §XV, we will apply Theorem VI. 6 of [FKTr2] to estimate the renormalization 
group map of Definition VII. 1, with respect to the sectorized norms of Definition XII. 9. 
It will give "improved power counting" for two-legged contributions and "improved power 
counting" for those four-legged contributions that are not ladders. A similar result using 
the norms of §X, will be derived in §XVII. Depending on the geometry of the Fermi curve, 
ladders have different behaviour. We shall investigate ladders in §XXII, [FKTf2, §VII] and 
the paper [FKTl] . In this Section, we introduce notation for ladders that will be useful in all 
these investigations. 

In this Section, the internal lines of ladders will be functions with arguments running 
over an arbitrary measure space X. We think of 3£ as B = H x JR^ x {f, 1} x {0, 1} or 
lRxlR^x{t,J,}orlRxlR^orBxE, where S is a sectorization. 

Definition XIV. 1 

i) A complex valued function on X x X is called a propagator over X. 

ii) A four legged kernel over X is a complex valued function on X^ x X^. We sometimes 
consider it as a bubble propagator over X, graphically depicted by 




or as a rung over X, graphically depicted by 




iii) If A and B are propagators over X then the tensor product 

A (g) B{xi, X2, a^s, x^) = A{xi,x^)B{x2, x^) 
is a bubble propagator over X. We set 

C{A, B) = A® A + A® B + B ® A 

iv) Let F, F' be four legged kernels over X. We define the four legged kernel F o F' as 

{F o F'){xi,X2;x3,X4) = J dx[dx2 F{xi,X2;x[,X2) F'{x[,X2;x3,X4) 
whenever the integral is well-defined. 
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v) Let £ > 1. The ladder with rungs • • • , and bubble propagators Pi,---,Pi is 

defined to be 

Rio P10R20 P20 ■ - -o Pg_i o RioPio 



1 Pi R2 P2 Pe-i Ri Pe R. 



If i? is a rung and A, B are propagators we define Li[R\ A, B) as the ladder with £ + 1 rungs 
R and £ bubble propagators C{A^B). 

The ladders contribute to the four point function, which is antisymmetric. So the 
ladders must be antisymmetrized. 

Definition XIV. 2 Let F be a four legged kernel. The antisymmetrization of F is the four 
legged kernel 

[A.ntF){xi,X2,xz,XA) = i XI sign(7r) F(a;^(i), a;^(2), a;^(3), a;^(4)) 

7rGS4 

F is called antisymmetric if F = Ant F. 

In the direct application of Theorem VI. 6 of [FKTr2], we will consider ladders with 
internal lines taking values in the measure space X = B x S, where E is a sectorization. 
However, the propagators are not naturally sectorized, and in [FKTf2, §VII] we will combine 
bubble propagators of different scales. This motivates the following variant of the previous 
definitions. 

Definition XIV. 3 Let 5' be a finite set*^^^. It is endowed with the counting measure. Then 
X X 5 is also a measure space. 

i) Let P be a propagator over X, / a four legged kernel over X x S' and F a function on 
(X X 5)2 X X^. We define 



{f • P){{xx,8x),{X2,82);Xz,X4) — ^ / dx'^dx'^ f {{xx,Sx) ,{X2,S2) ,{x'^,s'~^) ,{x'2,s'2)) P {x'^,x'2;X3,X4) 

{F • f){{xi,Sl),---,{X4,S4,)) — dx[dx'2 F{{xi,Sl),{X2,82);x[,x'2) / ( (x^ ) , (xj ,83 ) , (x3 ,33) , (x4 ,84) ) 



In practice, S will be a set of sectors and X will be i3 or IR x IR^ x {t, j} or IR x IR^. 
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whenever the integrals are well-defined. Observe that (/ • P) is a function on (X x S)'^ x 
and F • / is a four legged kernel over X x S. 

ii) Let £ > 1 , ri, ■ ■ ■ , r^+i be rungs over X x S and Pi, ■ ■ ■ , be bubble propagators over X. 
The ladder with rungs ri, • • • , r^+i and bubble propagators Pi, • • • , P^ is defined to be 

n • Pi • r2 • P2 • • • • • • P^ • re+i 

If r is a rung over Xx S and A, B are propagators over X, we define ^^(r; A, B) as the ladder 
with £ + 1 rungs r and £ bubble propagators P). 

Lemma XIV. 4 Let c and d he propagators over X x S and r a rung over X x S. Define the 
propagators C and D over X by 

C{xi,X2)= ^ c{{xi,ti),{x2,t2)) D{xi,X2)= ^ ((a^i , tl) , (^2, ^2)) 

and new propagators c and d over X x S by 

c{{xi, si), {x2, S2)) = C{xi,X2) d{{xi, Si), {X2, S2)) = D{xi,X2) 

Then 

Lt{r;C,D) = L,{r;d,d) 

for all £> 1. Here, the ladder Li{r;c,d), of the right hand side, is defined over the measure 
space X X S and uses the o product while the ladder on the left hand side is as in Definition 
XIV. 3. ii. 

Proof: For any rungs r', r" over Xx S, 

r' • C(C, D) • r" = r' o C{c, d) o r" 
The Lemma now follows by induction on ■ 

Lemma XIV. 5 Let T, be a sectorization at scale j and (f G J^o(4, S). Let C{k) and D{k) be 
functions on IR x 'M? , that are supported in the j^^ neighbourhood, and C{^, ^'), D{^, their 
Fourier transforms as in Definition IX. 3. Furthermore, let c((-, s), (■, s')) and s), (■, s')) 
be the Fourier transforms of Xs{k) C{k) Xs'{k) and Xs{k) D{k) Xs'{k). Define propagators 
over B X Tj by 

CE((?,s),(?'y)) = Yl C((e,t), (?',*')) 

tns^0 

dj:{{C,s),ii',s')) = d{{u),{e,t')) 
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Then 

Li{(p; C, D) = Li{ip; ce, rfs) 

for all £ > 1 . Here, the ladder on the right hand side is defined over the measure space B x E 
and uses the o product while the ladders on the left hand side are as in Definition XIV. 3. ii. 

Proof: Since X]s6sXs(^) is identically one on the support of C{k) and D(k), 

As in Lemma XIV. 4, set 
Denote 

p = C{c,d) Pi: = C{cj:,dj:) p = C{c,d) 

Then, p is a S-sectorized bubble propagator and 

PE((€l,Sl),(^2,S2),(€3,S3),(e4,S4)) = ^ p( ,* 1 ) , ,t2 ) , ,t3 ) , (^4 ,t4 )) 

l<i<4 

P((€l,Sl),(^2,S2),(C3,S3),(^4,S4)) = ^ p( (€l 1 ) , (^2 ,^2) , (^3 ,t3) , (^4 ,t4)) 

l<i<4 

For any w e .Fo(4, S), 

wopj^ocp^ Y / w( (€2.4)) (^4,4)) ¥^((^3.4). (^4,4),-, •) 

l<i<4 

= Y d^i-d^; ty(-,-;(^i,s;),(^i,4))p((^i,ti),...,(^;,t4))¥'((^^,4).(^4,<).-.-) 

l<i<4 

= Y der--d^4 iy(-.-;(^i,s'i),($2,4))p((^^*i).---,(^4,*4))<^(($^,4)>(^4,<),-,-) 

l<i<4 

= w o p o (f (XIV. 1) 

because 

j d^[-d^i W( ■ , • ;(€;,s'i),(^i,4))p((^i,tl):-,(^4,t4)) (p{{^'3A),iM), • , • ) 

vanishes unless fl 7^ for all 1 < z < 4. Observe that w opo (p is again in .Fo(4, S). 
It follows by induction from (XIV. 1) that 

The lemma follows by Lemma XIV. 4. ■ 
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XV. Norm Estimates on the Renormalization Group Map 



Again, let j >2 and E be a sectorization of scale j and length < ^ < mU-i)/2 ■ 

Fix a system p= {pm;n) of positive real numbers such that 



Pm;n < Pm;n' H U < u' 

Pm+m';n+n' —2 — Pm;nPm';n' 

Pm+l;n-l < Pm;n if m > 1 



Pl;n-1 < vEM^ po;n 



Definition XV. 1 

i) For (p e TraiP''-, S) set 



I I _ /|^Ii,s + tI^I3,e + fI^I5,e if"^ = 



ii) We set, for X = EjeiNoxiNg e 51^+1 with Xo< 

iii) A sectorized Grassmann function w can be uniquely written in the form 



(XV.l) 



with Wm,n antisymmetric separately in the rj and in the ^ variables. Set, in analogy with 
Theorem VIII.6, for a > and X e OTd+i, 

Nj{w;a;X,E,p) = M^tj{X) E c^HmT^' \^m,nk 

m,n>0 

The constant b will be chosen in Definition XVII. 1. iii. It will obey b > 4max{8Bi, B2} with 
Bi, B2 being the constants of Propositions XII. 16 and XII. 18. 
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Remark XV.2 



i) By definition, for even w 



Nj{w;A,a; X,J:,p) = tj{X) J2 c?"" w(r.-2) P0;2n |wo,2n|i e 

n>l 



n>2 



+ Cj{X) B^a^" P0;2n K,2n|5,S 

n>3 

m>l n>0 

If, in a renormafization group analysis, po;2n is independent of the scale number, j, then 
boundedness of the norms Nj imply that 

K,2|i,E = 0{^) ko,4|3,5: = 0(1) 

modulo t. 

ii) If X < Cj then tj{X) < const Cj. 

hi) it^Cj < const MHj + E5o=ro 

iv) If X is independent of to, then |^ej(X) < constMHj{X) + Yso=ro 

v) The j-dependent factors in the definition of Nj were largely motivated by the discussion 
in [FKTfl, §11, subsection 8] and Remark VI.8 of [FKTf2]. 

The main result of this paper is, that the norms of Definition XV. 1 are not changed 
very much by the renormalization group map Qc of Definition VII. 1, and that there is volume 
improvement for the two point function and all contributions to the four point function with 
the exception of ladders. 

Theorem XV. 3 There are constants const , constg , cto and tq that are independent of 
j, E, p such that for all a > ao the following estimates hold: 

Let u{{^,s), ,s')),v{(s,,s), (s,' ,s')) G jFo(2;E) be antisymmetric, spin independent, particle 

number conserving functions whose Fourier transforms obey \u{k)\, \v{k)\ < ^\iko — e{k)\. 

Furthermore, let X G ^d+i, /i, A > and assume that \u\^ < //(A + X)e.j{X) and 

{l+^){A + Xo)<^. Set 

^y'^) ~ iko-e{k)-u{k) ' ~ iko-e{k.)-v{k) 
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and let C{^,^'), D{^,^') be the Fourier transforms of C{k), D{k) as in Definition IX. S. 
Let W(0, V') be a Grassmann function and set^^'^ 

:>V'(0,V):v.,D = i)c(:>V(0,V):v^,C+i?) 
Assume that W has a sectorized representative w with wo,2 = and 

Nj{w; 64a; X,T,, p) < constg a + oot^ 

Then W has a sectorized representative w' such that 
N,{w' - 14>JCJ4> - w; a; X, E, p) < ^ 



Furthermore 

hn' I < const [ Nj(w-64:a-X,T.,p)'^ 

l^0,2ll,E ^ a« po;2 MJ l-S2^Nj{w;64a;X,-£,p) 

and 



oo 

ho,4 - «^o,4 - I E (-l)'(12)^+iAnt L,{wo,4; C, D)\ 



3,E 



^ const r Nj{w-64:a; X,T,, 



n2 



Remark XV.4 

i) When we use Theorem XV. 3 in a renormahzation group analysis, u will depend on coun- 
terterms that will ultimately be generated at scales j' > j. Then the derivatives of u{k) can 
have a scaling behaviour characteristic of scale j'. In this case \u\^ will not be of order Cj. 
This is why we introduce the factor tj{X) in the definition of Nj. 

ii) The hypothesis that wo^2 = is used, in conjunction with Wick ordering, to ensure that 
all non-ladder contributions to Wq 2 and iuq 4 contain overlapping loops. See [FKTfl, §11, 
subsections 4 and 9]. 

iii) In Appendix D, we give naive power-counting bounds for ladders L£{wq^4;C, D). These 
estimates are not good enough for a renormahzation group analysis. They would lead to 
logarithmic divergences. Stronger estimates on the "particle-particle" part of the ladders are 
derived in Theorem XXII. 8. The "particle-hole" parts of the ladders are treated in [FKTl]. 

The definition of W' as an analytic function, rather than merely a formal Taylor series will be explained 
in Remark XV. 11. 
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Most of the rest of this Chapter is devoted to the proof of Theorem XV. 3. To 
simphfy notation we write Nj{w; a) for Nj{w; a; X,Ti, p). We define a family of seminorms 
on the spaces Trni'n'i S) by 



I I _ fl^Us ifm = 



with p = 1, 3, 5. As in Definition XII. 6, these norms induce a family of symmetric seminorms 
on the spaces ® V-^"^. This family of seminorms will only appear in the proof of Theorem 
XV.3 and in the preliminary Lemma XV. 3. 

Let c((-, s), (■, s')) and s), (•, s')) be the Fourier transform of Xs{k) C{k) Xs'{k) and 
Xs{k) D{k) Xs'{k) in the sense of Definition IX.3. As in Lemma XIV. 5, let 



As in Proposition XII. 8, 



Dj:{iI;{^,s),i(;{^',s')) = dj:{{^,s),U' ,s')) 



are covariances on Ve- 



Lemma XV. 5 Under the hypotheses of Theorem XV.3, there exists a constant const]^ that 
is independent of j and S such that the covariances Cy,, Dy, have integration constants^"^^ 



c = consti tj{X), \J 



B 1 
AMo 



(in the sense of Definition VI. 13 of [FKTr2]) for the configuration \ ■ \^ of seminorms. 

Proof: Clearly, the functions C{k) and D{k) are supported on the j^^ neighbourhood, 
and |C(/c)|, \D{k)\ < |^feQ^e(k)| • P^^^ (ii) *-*f Proposition XII. 16 and the first condition of 
(XV. 1), I b is an integral bound both for Ce and De- 



We shall, in the proof of Theorem XV. 7 below, apply Theorem IV.4 of [FKTrl], which requires 
integral bounds ib. Of course, then b is also an integral bound, as is required in the proof of the 
current Theorem XV.3. 
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We now verify the contraction estimates of Definition VI. 13 of [FKTr2]. Contraction 
by c for functions on B'^ x (B x E)"^ as in Definition XII. 15 corresponds to contraction by 
Cs in the Grassmann algebra over Vj: as in Definition II. 5 of [FKTrl]. Set 

c' = 9max||c|i J,, ^ sup |c((e,s),(e',s'))|) | 

It follows from part (i) of Proposition XII. 16, combined with the second property of p, and 
Proposition XII. 18, combined with the first two properties of p, that Cs, -De have integration 
constants c', |b. By Proposition XIII. 5, if tq is small enough, 

c' < const max{^3^gf— , M^} < ITmJ]^^^^ 

Therefore, by the hypotheses on u, 

, const M-' Co const M-' c, , 
c < ^1 r-^ < = const u f(Y) 

A- V >1-M3X J- t^l-Mjcj{A+X) 

where F = M^Cj(A + X) and 



1-//^ 1-(1+//)^ 
By Lemma A.7, f{Y) < 

const 

that 

r' < const Cj ^ , j^j cj i ^ , j^j cj i 

In the second inequality we used Lemma A.4.ii. As, by Corollary A.5.i, < const Cj and 



< const i_2[jx 5 have 



c' < const M^ ej(X) (XV.2) 



Lemma XV. 6 Let gi^^^'ip) he a sectorized Grassmann function. Let C{k) he a function 
oheying \C{k)\ < and C(^,^'), resp. c{{£,,s),{c' ,s')), he the Fourier transforms of 

C{k), resp. Xs{k) C{k) Xs'{k) , in the sense of Definition IX. 3. Set 

g'{cf>,i;) = g{4>,i; + CJcf>) 

If \c\i Y. — const M-' + ^5^0 ^'f^^ > then 

Nj{g'-g;a)<'-^N^{g;2a) 
In particular, this hound is true under the hypotheses of Theorem XV. 3. 
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Proof: Let <^ e J^min', S), 1 < z < n and set 

'p'{vi,---,Vm+l ; {^l,Sl),---,{^n-l,Sn-l)) 

= Antext Yl dcdC' <^(r,i, -,??,„; (6, (C',t),(^i, (^rx-i,Sn-i)) 

• c((C',t',),(C,s)) J(C,»?m+l) 

Under the hypotheses of Theorem XV.3, |c|]^ < const M-' + YIiS^q^^^ by Proposition 
XIII. 5. ii. Hence, by Lemma XII. 19, 

. , f ^ ifm = 



Mi 



if m 7^ 



Here we have used that the coefficient of t*^ in |<^'li ^ vanishes for 5 so that in Lemma 
XII. 19 we may replace \c\^ 5. by its value at t = 0. Hence, for m = 0, 

|<^'Ie = Pi;n-i jvij|¥''li,E < const pi;„_i 5. < const jvIjI^'Is 

< const V [M^ ■Wo\v\t, — constb|<y9|j, 

and, for m 7^ 0, 

IV^'ls = Pm+l;n-l^W\i,j: < COUSt ^ |(/?| ^ 5. < COUSt W I^Ie 

< const jvIjI^Is < constbl^lj. 

The Lemma now follows from \(f'\j^ < const b|<^|j. as Proposition VII. 6 follows from the bound 
of Definition VII.4. ■ 

Proof of Theorem XV.3: For (p e J^min; S) set 

l<^limpr,E - Pm;n I Q if m ^ 

This family of seminorms will only appear in this proof. By Lemma XV.5 and Lemma VI. 15 
of [FKTr2], with q' = 5, J = [ and || • ||p = | • |p, the covariances (Ce, -De) have improved 
integration constants c, b, [ for the families | • |^ and | • limpr e seminorms (in the sense 
of Definition VI. 1 of [FKTr2]). For a sectorized Grassmann function v = Y^^n'^in,n with 

N{v;a) = ^c E^'b^K.nlE 

m,n 
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be the quantities introduced in Definition 11.23 of [FKTrl] and just after Lemma VI. 2 of 
[FKTr2]. Then 

N{v-a) = ^^Nj{v;a- X,E,p) 

where const is the constant of Lemma XV. 5. 

Set :w":^^Dj: = ^Cj:{-w.'^,Cj:+Ds) and 

w' = ^(j)JCJ(f) + w"{(f), ip + CJcj)) 

By parts (ii) and (iii) of Proposition XIL8, :w':-^^Dj: is a sectorized representative for 
:yV'{(j)iil^):'^,D- Hence, by Proposition XILS.i and Proposition A.2.ii of [FKTrl], w' is a 
sectorized representative for W". We apply Theorem VL6 of [FKTr2] to get estimates on w" . 
With constg = g ^^^^ the hypotheses of this Theorem are fulfilled. Consequently 



and 

rv^fl,,/' I < 2i°[ iV(^^;64a)^ 

" ^ l"^0,2limpr,E ^ \-^N{wMa) 

a^b^cK, -«;o,4 - i E(-l)^(12)^+^AntL,(«;o,4;c.,d.)|,^^^^ < ^ ^fg^ 

For the last estimate, we also used the description of ladders in terms of kernels of Proposition 
C.4 of [FKTr2]. As w'q 2 = '"^0,2 w'q^^ = Wq^^ this implies that 

e (X)Ui/ I < '^""^^ ' N.jwMo^f 

l^0,2ll,E ^ a»po;2 Mi i-H^sss^NjiwMa) 

and, using Lemma XIV. 5 



00 

tj{X) \w'o,4-wo,4 - \ E(-l)'(12)'+'AntL,(«;o,4;C,L»)|, 



'3,E 

(.=1 

00 

< ^Jtj{X) K,4 -«^o,4 - i E(-l)'(12)'+'AntL,K,4;c5:,dE)|i^p,,^ 

const r Nj{w;64a)'^ 



^ const r 

- aiUpo;4 i_£S^7Vj(u);64a) 
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By Lemma XV. 6, 



Nj{w' - ^(l)JCJ(j) - w;a) = Nj{w"{(j),tp + CJcj)) - w{(j),tjj); a) 

< Nj{w"{(t), ^ + CJcfy - w"{4>, V'); a) + Nj {w"{4>, ^) - w{<t>, ^j); a) 

< so^Nj {w"; 2a) + Nj {w" - w; a) 

< ^iV, {w; 2a) + (1+92^) ^N{w" - w; 2a) 

<'-^N,{w;2a) + ^-^ ,_^XiS^^) 

< ^iV, {w; 64a) + ^ ,.^^^64^) 

^ const Nj{w;64a) 

— a l-£2ssLjVj.(u,;64a) 



We also wish to allow the functions u and v of Theorem XV. 7 to depend on a 
parameter k. 

Theorem XV. 7 There are constants const, constg , cto, to that are independent of j, S, p 

such that for all e > and a > ao the following estimates hold: 

Let, for K in a neighbourhood of zero, Uf^,Vf^ G jro(2;E) be antisymmetric, spin 
independent, particle number conserving functions whose Fourier transforms satisfy 
\uo{k)\,\vo{k)\ < ^\iko — e{k)\ and | ^'^k;(^)|^_oI ^ e\tko — e{k)\. Furthermore, let 
X, y e ^d+i, A*, A > and assume that 

Kli,E <MA + ^)e,-(X) |^«.L=oli,E < 

and{l + iJ,){A + Xo)<^. Set 

r (lA- "''"^''^ D (h) - '-'^■'"''HA:) 

^Kyl^) — ifco-e(k)-u«(A;) ' ^^{1^) — iko-e{k:)-v^{k) 

and let C^i^,^'), Di^{^,^') be the Fourier transforms of Ci^{k), Di^{k). Let, for k in a 
neighbourhood of zero, Wk;(0, V') be an even Grassmann function and set 

:>V;;(V):^,i.. = f2c.(:>V.:^,C.+Dj 

Assume that has a sectorized representative with 

n = Nj{wQ; 64q!; X, S, p) < constg a + oo t'' 

6^0 
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Then has a sectorized representative w'^ such that 

< const + ^ ^_^^ }Nj{'L-w,\^^^; 16a; x,E,p) 
+ const T^c^l (i + ^)M^Y + ^n} 

Lemma XV. 8 Under the hypotheses of Theorem XV. 7, there exists a constant const2 that is 
independent of j and S such that Co,s has contraction bound c, Co,e ond Do,e have integral 
bound hh and 



d_ 



:C'k,e|^_o has contraction bound c' — const2 M^-'ej(X)y 
:-Dk;,e|^_q has integral bound |b' = y/e b 

for the family | ■ of symmetric seminorms. 

Proof: The contraction and integral bounds on Co,e and Do,e were proven in Lemma XV. 5. 
Clearly, the function 

dK^i^y'^) — dK ifco-e(k)— y„(fe) ~ [ifco-e(k)-t)^(fc)]^ dK"'^\'^> 

is supported on the j*^ neighbourhood and obeys | < |tfc„le(k)| • By part (ii) 

of Proposition XIL16, 2y'4Bi£^j < b is an integral bound for |^-Dk,e|^^o " 
Set 

c" = 9m^{li^c«L=oli,E' ^.fP l£c'^((e'«)'(€V))L=ol)} 

By part (i) of Proposition XII. 16 and the second property of p, (^Ck|^_q)j. has contraction 
bound c" . By Lemma XIII. 6 



c" < 



const max(M^'c,^^^^l%^-^^fi^, M^^lf tiJ I, 

J 1 — MJ|mo|i 2 ' I dK '^lfv=Oll,Ej 

< const M^c ^' ^-^(^) Y 



1 



< const M.'^Hj . ] . '^^'^ , — Y fy-T,i A\ 



< const M'hjY ^"^^^t^l, 

/^l-MJCj(A+X) 

= const M2-?Cjr/(Z) 
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where Z = MHj{A + X) and 

m = 



1 

l-z 



By Lemma A.7, f{Z) < 

const YZTz 

that 

c" < const M^^Cj{X)Y 

as in Lemma XV. 5. 

Lemma XV. 9 Let g{(f),i(^) be a sectorized Grassmann function and set 

g'^{(j),i;)=g{(j),i; + C^J(j)) 
Under the hypotheses of Theorem XV. 7, 



Proof: Define 



Cz = Co + Z^C,\^^^ 



and 

Let (f e J-mi'^^'i S), 1 < z < n and set 

</^^('?lr--,'7m+l ; (Sl,Sl),---,(5n-l,Sn-l)) 

= Antext ^ dcdC' (^(771, ••-.r?,™ ; (^i,si),-",(^i_i, Si_i),(C',t),(^i, «»),■••, 
s,t,t'eT,J ^ 

■ C2((C',t',),(C,s)) JtCwi) 

By Lemma XIILG.i and (XV.4) 

< const M^^Vo 



t=0 



so that, using the bound on \cq\^ that was derived in Lemma XV.5, 



for all \z\ < j^jyq - Consequently, for all \z\ < mTy^i Lemma XIL19 yields 



Ml. if ?Ti = 
kLli,E < const 5. <j ' 
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so that, for m = 0, 

I^LIe = Pi;n-iivP7k'li,E < const pi;„_i^|(/?|i^^ < const ^^iv?jI^Ie 

< const V [M-J I I ^ < constbjf^lj. 

and, for m 7^ 0, 

I<^LIe = Pm+l;n-llp7l<^'ll,E < COnst p^+i;^-! ^If^ll^S < COnst ^^^^^ jgj I^^Ie 

< const < constb|(/?|^ 

Hence, as in Lemma XV. 6, 

iV, a - ^; «; ^, S, p) < s^iV, (^7, 2a; X, S, p) 
for all 1 2; I < j^]yq and^ by the Cauchy integral theorem, 
NAi-M.=o^ ^, S, p) = N^{^^[g, - g] l^^- a; X, S, p) < £^ M^Yo 2a; X, S, p) 



Proof of Theorem XV. 7: As in the proof of Theorem XV. 3, let, for a sectorized Grass- 
mann function v = Zlm,n'^™,« '^^^^ ^rn,n ^ ^m® ^Xl) 

N{v-a) - E «"b"K,,|^ ^ £^^iv^.(^;«; X,S,p) 

m,n 

and 

By Proposition XII. 8, parts (ii) and (iii), and Proposition A.2.ii of [FKTrl], 

is a sectorized representative for W'^. By the chain rule and the triangle inequality 

N{k[<- \4>JC.Jct> - w,] ; a) <N{ ^^w'^ ^ + J0) ; a) 

+ iV( £K(0, + CoJ0) - V)].=o ; «) 

+ A^(1K(0, V) - V')]k=o ; «) 

(XV.5) 

By Lemma XV. 9, 

^(i<(<^'V' + C^KJ0)L^o;«) ^ ^M^>oiV,K;2a; X,S,^ 
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By (XV.3), 



Nj «; 2a; X,^,p)< Nj {wq; 2a; X, E, p) + Nj {w'^^ - wq; 2a; X, S, 

< iV, (..o; 64a; X, E, p) + ^ 

< „™„4- iV,(^;o;64o;X,E,p) 

^ t^uiibu i-£2^Nj{wo;64a;X,i:,p) 



SO that 



^( ^ + J0) L=o ; «) < ^ T^^nM'Yo (XV.6) 

By Lemma XV.6, with g = ^w'^\^^^^, 

N{ 1K'(0, V + Co J0) - V')]k=o ; «) < '-^Nj ( ; 2a; X, S, p) 

< ^ ( I .=0 ; 2«; ^, S, p) + -ssl AT^. ^^'^ _ . 2a; X, E, p^) 

(XV. 7) 

By Theorem IV.4 of [FKTrl], with fi= 

N{ U< - -^]-o ■,a)< ^ i-g;C32«) ^( l-«L=o ; 8«) 

+ 2^ i-^:^(SL) { 4Mi^^^^t2 M^^e,(X)F + 4e} (XV.8) 

since tj{X)N{wo;32a) < const N {wq; 32a) . Also 

AT,- ( ^ [< - «;,],=o ; 2a; X, S, p) < ^pi |iv( |^^^ ; 16a) + M^Yn + 4en} 

Subbing (XV.6-XV.8) into (XV.5), 

N{k[<- ¥JC.Jc^ - «=o ; «) < ^ T^n^'Yo + A( ; 2a) 

< const + i Y^rc^jA, ( %;W^\^^^ ; 16a ; x,E,p) 
+ const + ^)M^Y + ^n} 
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We also must control the pure contributions in a situation similar to that of 
Theorem XV.3. 

Proposition XV. 10 There are constants ckq and tq that are independent of j, S, p such 
that for all a > ao the following estimates hold: 

Let u{{^,s), ,s')),v{{^,s), ,s')) e ^o(2;S) be antisymmetric, spin independent, particle 

number conserving functions whose Fourier transforms obey \u{k)\, \v{k)\ < ||zA;o — e{k)\. 

Furthermore, let X e ^d+i o.i^d assume that X, \u\^j. < + YIiS^q^'^^ • §■ be a 

real number in (j + 1, j + 2] and set 

'^y'^) ~ iko-eik.)-u{k) ' ^y'^) ~ iA;o-e(k)-t3(fe) 

and let 5'(^,^'), D{^,^') be the Fourier transforms of S{k), D{k) as in Definition IX. 3. 
Let >V(0, '0) be a Grassmann function obeying >V(0, 0) = and set 

e;((/))-ns(:>V((/>,V'):^,D)(</',0) 

Assume that W has a sectorized representative w with 

Nj(w;a; X,E,p) < 2 + J2 oot^ 

Write 

Q{4>) - ^(pJSJcj) = J2 dr,i---dr,m Gmivi,-,Vm) 0(r;i) • • •0(»?m) 
m J 

with Cm antisymmetric. Then 

Pm;o|||G^m|||oo ^ 10 

m>0 



Proof: We use the notation of the proof of Theorem XV.3. As in Lemma XV.5, c 



const 1 + ^^-f,QOot^ is a contraction bound for Sy, and b = y ^ is an integral bound 
for both S'e and (in the sense of Definition 11.25 of [FKTrl]). Write 

w"{(l), ip) = Qs^ {:-w{^, V'):^,-Ds) 

By Proposition XII. 8 

g{<t)) = \<t)JSJ(P + SJ(i)) 
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By Corollary II.32.ii of [FKTrl] 



Nj{w;^; X,S,p) < 2Nj{w;a; X,E,p) 
By Theorem 11.28 of [FKTrl], with a replaced by ^, 

N, (w"{<j>, ^); f|; X, S, p) < N,{w; f,;X,J:,p) + ^ i^!<^^a 

< 5 + ^ oot*^ 

(57^0 



By Lemma XV. 6 



AT,- (w"{<j>, ^ + §; X, S, p) < 2N^{w"{<j>, X, S, p) 



< 10 + ^ oot'^ 



SO that 



e,-(X) ^ PmA\Gm\\\oo = N^(g{ct>) - 14>JSJ4>; §; X,S,p) 



m>0 



< 10 + ^ OOt^ 



Remark XV. 11 In Theorem XV.3, the sectorized representative w' of W' may be obtained 
from the sectorized representative of W by 

■w':^^Ds = \4)JCJ(t) + Vtc^{:w:^^CY.+D^){(t>,'4^ + CJ4>) 

Again, w' is initially defined as a formal Taylor series in w. By Remark IV.3 of [FKTrl] and 
the observation that, as in Proposition IV.ll.i, and -D^ are analytic function of u and 
respectively, this formal Taylor series converges to a function that is jointly analytic in u 
and V. By the functoriality Lemma XIL8, if wi and 1^2 are two sectorized representatives of 
W, then the corresponding w'^ and W2 represent the same unsectorized Grassmann function 
yV' . In this way one sees that the formal Taylor series for W" converges. 
The obvious analogs of these statements apply to Theorem XV. 7 and Proposition XV. 10. 
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XVI. Sectorized Momentum Space Norms 



Again, let E be a sectorization of length j^j^s/o. < I < j^(j-i)/2 at scale j > 2. 
In §XV we described the renormalization group map Qc using the algebra /\j^Vy,, where 
Vj: is the vector space generated by ip{^,8), ^ E B, s E T, (see Definition XII.6) and A is 
the Grassmann algebra in the external fields 0(?7), r] E B. To deal with amputated Green's 
functions in momentum space, we set for fj = (k, a,a) E B 

and denote by V^xt the vector space generated by 4>{'n)i V ^ B. Furthermore set 

V = Vext © Vj: 

Then /\^ is canonically isomorphic to the Grassmann algebra /\ V over V with complex 
coefficients. In terms of Grassmann functions, this isomorphism amounts to the following: A 
translation invariant sectorized Grassmann function w can be uniquely written in the form 

■ • ■■(f>ivm) l(^{Ul,Sl)) ■ ■ ■i>{{ir,,Sr,)) 

with Wm,n antisymmetric separately in the 77 and in the ^ variables. As well, 

W{(j),lp) = S / dfji-dfjm W:^ Q{fji,-,fjm) (27r)'^+i(J(»7i + -+77^) 0(171) ••• 0(17^) 
m J 

Here ^ is the partial Fourier transform of Definition IX. 1. 

The basis elements of the vector space V = Kjxt©^^; are in one to one correspondence 
with the points of the disjoint union Xe of B and i3 x S. To simplify notation, we make the 



Definition XVI. 1 For x G Xs = U (i3 x E) set 



{4>{f)) if X = fj E B 
^{;{^,s) ifx = (e,s)ei3xE 



The purpose of this Section is to define and analyze norms on functions on to 
which the results of [FKTrl,2] can be applied. First, we look at the structure of more 
carefully. 
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Definition XVI.2 Set Xq = B and Xi = B x S. Let r= (zi, • • • , in) e {0, 1}^. 

i) The inclusions of Xi., j = 1, ■ ■ ■ , n, in Xe induce an inclusion of Xi^ x • • • x Xi^ in X^. 
We identify Xi^ x • • • x Xi„ with its image in 

ii) Set m(z) = n — (zi H — • + Zn) • Clearly, m(z) is the number of copies of B in x • • • x X^^ . 

iii) If / is a function on X^^ x ■ ■ ■ x X^^, then Ord / is the function on B^^"^ x {B x 'E)'^~^^^ 
obtained from / by shifting all of the B arguments before all of the B x arguments, 
while preserving the relative order of the B arguments and the relative order of the B x T, 
arguments and multiplying by the sign of the permutation that implements the reordering of 
the arguments. That is, Ord /(xi, ■ ■ ■ , Xn) = sgn7r/(x7r(i), ■ ■ ■ , a;7r(n)) where the permutation 
n E Sn is determined by < if ij < ij' or ij — ij' j < j' . 

Remark XVI. 3 Using the identification of Definition XVL2.i, 

Xj] = Xjj^ X • • • X Xi^ 

n,---!«rie{o,i} 

where, on the right hand side we have a disjoint union. If / is a function on X^ and i — 
(ii, ■ ■ ■ ,in) G {0, 1}"^, we denote by /|-, the restriction of / to Xj^ x • • • x Xi^. 



To define norms for functions on X^ it thus suffices to define norms for functions on 
each of the spaces X^^ x ■ ■ ■ x Xi„ . As we want these norms to be invariant under permutations, 
it suffices, using the map Ord of Definition XVI. 2. iii, to define norms for functions on the 
spaces B"^ x{Bx S)""'". 

Definition XVI. 4 Let p be a natural number, 
(i) For a function / on B^ we define 



1/1. 



if p = m — 1, m = 2, 4 



^'^ \ otherwise 
with II • II being the norm of Definition X.4. 

(ii) For a translation invariant function / on B^ x [B x S)"^ with n > 1, we set j/j^ x; ~ ^ 
when p>m + n or p<m, and 

I/Ue= E sup E ^,,max |||D/(^i,.,,7^;(6,.i).-.($„,0)|^ 

5eINoXlN2 i<n< - <v-^|n .iGS for °^ttj. 5(d)=5 

1 p — m ^ 

when m < p < m + n . The norm ||| ■ |||i,oo of Example II. 6 refers to the variables 
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Remark XVI. 5 In the case m = and p odd, the norm I • L v of Definition XII. 9 and the 
norm | • |p x; Definition XVI. 4 agree. 

Lemma XVI.6 Let f be a translation invariant function on B'^ x (B x S)", /' a translation 
invariant function on B'^ x (B x E)" and 1 < i < n, 1 < i' <n' . 
Ifn>2 or n' >2 define the function g on 5"^+"^' x (S x E) ~^ by 

g{fli,---,V^^^r,{ii,Si),---,{^i-i,Si-i), ($i+i,Si+i),---,(^„_,_j/_i,s„_l_j/_i), ($„_|_j/_,_i,s„_,_j/_,_i),---,(|„_|_„/,s„_,_„/)) 

— J2 < /(m,---, '7m; (^i,si),-",(^<-i,s<-i), (C,s), ($i+i,s<+i), 
3,3'es Jb 

■ f'i'nm+l,---,fjm+m'' ,Sn+l)- ■ ■ ,(^n+i' -I'^n+i' -l) ' (C,s'). i^n+i' + l'^n+i' + l) ' ' 'i^n+n' '^n+n')) 

If n = n' = 1, define the function g on Bm+m' by 
9ivi,-,Vm+m') i27ry+^ S{f,^+■■ 

) — Yl / dCf{m,---,fjrn;{C,s))f'{'nrn+l,---,'nrn 

s,a'es Jb 



'es JB 



Then, for all natural numbers p, 



\9 < <^ 



3 .I^^^r ™{l/U,i^l/'U+i,i:'l/U+i,i:l/'U,i:> ^/ (n, n') ^ (1, 1) 
4|/LeI/'L',e z/(n,nO = (1,1) 



Proof: 

The case n > 2 or n' > 2. The proof is analogous to that of Lemma XII. 14. The B x E 
indices for g lie in the set I Li I', where 

/ = {l,---,z-l, z + l,---,n} 

I' = {n + 1, ■ ■ ■ ,n + i' — 1, n + i' + 1, ■ ■ ■ ,n + n'} 

Let q obey 0<q — m<n — 1 and 0<p — q — m'<n' — lor equivalently m, < q < n -\- m 
and m' < p — q < m' + n' . Fix ui, - • ■ , ttq_m G , Uq-m+ij • ■ ■ Up-m-m' £ and fix sectors 
Sui ) • • • ) Su^_^_^, e E. Let 

-^'('71, '7m; si, •••,««) = 5^ Ti niax |||D/(77i,---,77,„; (• ,si), •••,(• ,s„)) III 

c-_TxT ttvtO D dd — operator |||J.,CXJ 

JelNoXlNg ^ith s(r>)=s 



SO that 



l/lp,E ~ ^^P S -P'('7i,---,'7m;si, •••,««) 

l<zi < ■ ■ ■<ip_^ <n SjGS for 
'71>--->»7m6S 
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and define G(j?i,---,i7m+m';si.---,.?<,---,?'„+i', •••,«„+„') and F'(?7^+i,-",r7^_^^/; s„+i, •••,«„+„') similarly. 
By Remark X.7, for each choice of sectors Sjy, v E I Li I', one has 

G^('7i>---,T?^+,„';si,---,/i,---,?'„+i',---,s„_^„/) 

^ F{ril,---,flm;Sl, ■■■ ,Si_l,S,Si + l, ••• ,Sn)F'{fim+l,---,'nm+m'' + ■■■ ,S„_,_ j/ _ i ,s' , ••• ,S„_,_„/) 

s,s' SE 
sns' 7^0 

Observe that for every s e S there are at most three sectors s' such that s' Hs ^ 0. Conse- 
quently 

^ ] G(r7i,---, 77^ _l_^/;si,---,^i,---,/„_l_j/ ,•••,«„_!_„/) 



< 3 ^ F(?7i,---,f?^; si, ••• ,Si_i,s,Si+i, ••• ,s„) 

max ^ ] -P" ('7m+l,-",'7m+m'; ••• ,Sri+i'-l'«'> ••• '■Sn+n') 



s'GS 

Me^'\{«q_m+l.---."p_^_,„'} 

— 3 l/|g,E 1/ lp-g+l,E 

Taking the supremum over the ?7's and the remaining Sj^'s gives 

< 3 l/l^ J. |/1p-g+l,E 

By interchanging the roles of (/, q) and {f',p — q), we get the bound 3 ^ l/'Ip-q e- 

r/ie case n = n' = 1. In this case, the norm \g\p is defined in Definition XVI. 4. i. We need 
only consider the case p = m + m' — 1. 
By Remark X.S.iii 



J2 / d^f{'ni,---,firn;i^,s))f\fjrn+l,---,firn.+rn.'U^,s' 



)) 



— dxo dx fivi, — ,'nm;{0,a;b,s))e'^^^^ +Vm+m ^i^o, ^) - j^^^^, . (q^^^5 g'-j) 

J J cTe{r,i} s,s'eE 
6e{o,i} 



— ^ ^ /('?i,-",^m;(0,CT,6,s)) /'(i7^+i,---,jj^+^/;(0,cT,6,s')) (27r)'^"'"^(5(jjiH l-j7^+^/) 



i>e{o,i} 



Consequently 



5'('7i.---,»7m+m') — S /('7i,---,'7m;(0,<T,6,s)) /'(77^+l,---,?7^+^/; (0,cr,&,s')) 



be{o,i} 



The claim now follows, as in Lemma II. 7, by iterated application of the product rule for 
derivatives and Remark X.S.iii. ■ 
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Definition XVI.7 Let m,n > 0. 

i) For n > 1, denote by jF^(n;E) the space of all translation invariant, complex val- 
ued functions /(j?!,---,??™; on x (i3 x E)"^ whose Fourier transform 
fivi,---,vm\{ii,si),---,{ir,,s^)) vanishes unless ki G Si for all 1 < j < n. Here, = {ki,ai,ai). 
Also, let JF^(0;E) be the space of all momentum conserving, complex valued functions 
f{fn,---,ri^) on B"". 

ii) Let c((^, s), {^', s')) be any skew symmetric function on (B x E) . Let / e ^min; E) and 
^ < i < j < n. We define "contraction", for n > 2, by 

COIic f {fn,---,ijm;iil,Sl),---,(Ci-l,Si-l) , (€i + l,Si+l),---,($j-l,Sj-l) , (Cj + l,Sj+l),---,(g„,S„)) 



,s^- ,t^- GS 



and, for n = 2, by 

CoUc / {fn,-,Vm) (277^^'^ 6{fll + -+'nm) 

= ^ / c((4i,ti),(6,t2))/(i7i,-,'7m;(^i,si),(6,S2)) 

SI ,32 ■*! ■t2SS 
t ns]^ ^0 

iii) We denote by J-'n-T. the set of functions on with the property that for each T = 
(ii, • • • , in) e {0, 1}"" with 171(1) < n 

Ord (/|.) e^„,(r)(n-m(z-);E) 

and such there is a function g on such that 

/|(o,...,o)(^i' ■■■^Vn) = {27Tf5{fn + • • • + ryn) givi, ■■■,Vn) 

The map Ord was introduced in Definition XVL2.iii and the restriction /|-,was introduced 
in Remark XVL3. 

The partial Fourier transforms 99"" (as in Definition IX.l.ii) of functions ip G 
jF^(n;E) as in Definition XII. 4. ii are the functions in jF^(?i;E) that are antisymmetric in 
their external variables. Also, Concf"" — ( Cou.cip)'^ , where Couc is defined in Definition 

XII.15. 
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Proposition XVI.8 Let c((^, s), (^', s')) e ^o(2;S) be an antisymmetric function. 

i) Let p be a natural number, m,m' > 0, n,n' > 1 and f G jF^(n;E), /' e J^rn'{n' ,1^). If 
(n, n') (1, 1) then 

rrj.<p-|^ <T7i + n 
m' <P2 K.m' -\-Ti' 

and if {n, n') = (1, 1) then 

I^Con, Ante.t(/®/')U^,_i,^ < 12 |c|,,^ |/^^ ^ 

a) Assume that there is a function C{k) that is supported in the j^^ neighbourhood, such that 
c((-, s), (•, s')) is the Fourier transform of Xs{k) C{k) Xs'{k) in the sense of Definition IX. 3 
and that \C{k)\ < |^feQ_fe(k)| Z^*" some e > 0. 

Let f e ^min; S), n' < n and set, when n' < n, as in Definition III. 5, 

f'{m,---,Vm; (^„'+l,S„/+i),---,(^n,S„)) 
SiSS J J 

1=1, 

where 

CJ:{^/;{^,s),^P{^',s'))= J] c{{^,t), ,t')) 



For n' = n, set 



= J2 / <^Cl---de„ /(r/ir-^r;^;(^l,si),--^(^«,s,i)) •0(^l,si)---'0(€-,s-)<^/^Cs('0) 

SiES J J 
i=l, ■ ■ ■ ,n 

Then, for all natural numbers p, 

r Nn'/2 I I^Ui^ ifnj^n' 



mi/i a constant B3 i/iat is independent of j and E. 



Let D{k), D'{k) be functions obeying \D{k)\, \D'{k)\ < |^fc^_^e(k)| ^'^^ '^((■7 ■5)7 ■^O) 
resp. s), (■, s')) be the Fourier transform of Xs{k) D{k) Xs'{k) resp. Xs{k) D'{k) Xs'{k) 

in the sense of Definition IX. 3. 
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Let 1 < zi,Z2,^3 < n, 1 < ^']^,^2,^3 < n' with H 7^ *2 7^ ^3 7^ H, i'l 7^ ^2 7^ *3 7^ ^'^^ 
let p > 1 . T/ien i/iere is a constant B4 i/iat is independent of j and S such that for all 
feTmin;^), f &Pm'{n',T) 

I Cowc Coivd Conrf/ (/(E)/')Le 

il^n+i'^ i2^n+i'^ ia^n+ig ' 

< (b4w)'|c|i,j, ^max^ min{|/|p^+3 J. l/U,E I/'U+3,e} 

if {n, n') ^ (3, 3) and 

^ (B4igj)'|c|i,Emm {1/1^+2 J. l/'lm',EJ/L,E l/'lm'+2,E} 

z/(n,n') = (3,3). 



Proof: The proofs of part (i) and part (ii), except for the case n = n', is similar to that of 
parts (i) and (ii) of Proposition XII. 16. The proof of part (iii) is similar to that of Proposition 
XII. 18. So we only give the proof of part (ii) for the case n = n' . 
By translation invariance, 

f'{fn,---,flm) = X] lldS,l---d£,n5{Xn,o)5{yin)f{m,---,flm\ (€l ,«! ),•••, (5n ,Sn))'*A($l .«! ) " " d/^Cj^W 
SieS JJ 
i = l,--,n 



where = {xn,o, x„, cr^, a„). By part (ii) of Proposition IV. 3, with 



G = J ,i:^Ukr\C{k)\ < e j (C^^eSft^ < const 



we have, for any dd-operator D, 



|D/'(^i,.,^^)| <4G'"/2 Y: |||D/(m,-,^^;(-,«i),-,(-,«.))|||i,, 

i=l, ■• ■ ,n 



Hence 

l/L-i,E<4G-/^|/| 
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In Theorem XV.3, ladders played a special role. Due to the "external improvement" 
of Lemma XII. 19, we needed to consider only ladders all of whose "ends" correspond to ip 
fields and are integrated out at a later scale. This is not the case when we use the norms 
developed in this chapter. We consider ladders some of whose "ends" correspond to ip fields 
and have sectorized position space variables s) e BxS, and some of whose ends correspond 
to (f) fields and have momentum space variables fj e B. To do this, we extend the definitions 
and estimates of ladders from §XIV. 

Definition XVI.9 

i) Let C be a propagator over B. We define its extension C over the disjoint union ,B U i3 by 

^ ' [0 lix e B or y e B 

ii) Let C, D be propagators over B and R a rung over BU B. We set 

L^iR; C,D)^Li{R; C,D) 

iii) Let P be a bubble propagator over B, r a rung over Xe — BIl} {B xT,). We set 

(r • P)(j/i,j/2;a;3,a;4) = E / dx^dx'^ r{yi,y2,(x'i,s[),{xi2,s'2)) P{x[,xi2;x3,X4,) 

(r • P) is a function on X| x B^. For a general function F on X| x B^, define the rung (F • r) 
over Xe by 

(F • r)(j/i, 2/2, 2/3,2/4) = E / rf^'idaij F(2/i,2/2;a;i,a;2) r((a;'i,si),(a;2,S2),2/3,J/4) 

if at least one of the arguments j/i, • • • , j/4 lies in B x S C Xe, and for ^1, 772, ^3, ^74 £ B C Xe 

+»?2+»73+'?4) — Yll I dx[dx'2 F{fll,fl2;x[,x'2) r{{x[,s[),{x'2,s'2),fl3,fl4,) 

s[,s'2ei:JBxB 

iv) Let £ > 1 , ri, • • • , r^+i rungs over Xe and Pi, • • • , bubble propagators over B. The 
ladder with rungs ri, • • • , r^+i and bubble propagators Pi, • • • , P^ is defined to be 

ri • Pi • r2 • P2 • • • • • • P^ • re+i 

If r is a rung over Xe and A, B are propagators over B, we define Li{r; A, B) as the ladder 
with £ + 1 rungs r and £ bubble propagators C(A, S). 
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Remark XVI.IO In the situation of Definition XVI. 9. ii, let R' be the restriction of R to B^, 
i?ieft the restriction of i? to (B U B)^ x and -Rright the restriction of i? to B^ x (B U B)^. 
Then 

Li{R- C, D) = i?ieft o C{C, D)oR' 0---0R' o 0(0, D) o i^^ght 

Similarly, in the situation of Definition XVI. 9. iv, let r' be the restriction of r to (B x E)'^, 
rieft the restriction of r to X|; x (B x E)^ and rpight the restriction of r to (B x E)^ x X|;. 
Then 

Le{r; C, D) = rieft • C(C, D) • r' • ■ ■ ■ • r' • C{C, D) • r^ght 

In analogy to Lemma XIV. 4 we have 

Lemma XVI.ll Let c and d be propagators over B x E and r a rung over Xe- Define the 
propagators C and D over B by 

C{xi,X2)^ ^ C{{xi,ti),{x2,t2)) D{xi,X2)^ d{{xi,ti), {X2,t2)) 

and new propagators c and d over B x T, by 

c{{xi,Si),{x2,S2)) ^C{xi,X2) d{{xi,Si),{x2,S2)) ^D{xi,X2) 

Then, for all £ > 1 

Le{r;C,D) = Li{r;cJ) 

In analogy to Lemma XIV. 5, we have 

Lemma XVI. 12 Let f E J^a-s- Let C{k) and D{k) be functions on IR x H^, that are 
supported in the j^^ neighbourhood, and C(^,^'), D{^,^') their Fourier transforms as in Def- 
inition IX. 3. Furthermore, let c((-, s), (■, s')) and (/((■, s), (■, s')) be the Fourier transform of 
Xs{k) C{k) Xs'{k) and Xs{k) D{k) Xs'{k). Define propagators over B x T, by 

Then 

Le{f;C,D) = Li{f;cj:,dj:) 
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for all £ > 1. Here, the ladder on the right hand side is defined as in Definition XVI. 9. ii, but 
with B replaced by B xT,, and uses the o product of Definition XlV.l.iv, while the ladder on 
the left hand side is as in Definition XVI. 9. iv and uses the • product. 

Also observe that, by Remark XVI. 10, for / e Ta-^, 

L,{f-C,D)= J2 /|(...aa)'^(^'^)*/|(M,M)'---'^(^'^)*/|(i,M3,M) 

n,---,Me{o,i} 
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XVII. The Renormalization Group Map and Norms 

in Momentum Space 



This section provides the analogue of §XV for the | |-norms. Again, let j >2 and 
let S be a sectorization of scale j and length < ^ < mu-i-)/'^ ' ^ system p= (pm-n) 

of positive real numbers such that 

Pm;n < Pm;n' H n < u' 

Pm+m';n+n'-2 Pm;n Pm,';n' (XVII. 1) 

Pm+l;n—l — Pm;n 

Definition XVII. 1 

i) For a function / e f^n;T, and a natural number p we set 

l/lp,E,p = Pn;0 blp,E + Yl Pm{t);n-m{T) |Ord (/|.) |^^^ 

re{o,i}^ 

where g is the function on Bn such that 

ii) For / e Pm{n; S) set 

l/ll,E + l/l2,E + T l/l3,E + T l/l4~ E + F l/ls.E + F l/ls.E if ™ ^ 

l/li,E + T l/k E + F l/k E if™ = 

and for / G J?Vi;E set 

I/Ie = Me+ E 



I/Ie = Pr 



r7i(r)<n 



where, as in part (i), g is the function on Bn such that 
1(0, •••,0) 



iii) With the notation introduced in Definitions XVI. 1 and XVI.T.iii, every translation invari- 
ant sectorized Grassmann function w can be uniquely written in the form 

w{(f),'lp) = E / dxl■■■dxr^ fn{xi,-,Xr^) ^(xi) • • •*(a;„) 
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where e ^n;E is an antisymmetric function. Set, in analogy with Definition XV.l.iii, for 
a>0 and X e ^d+i, 



N-{w;a;X,^,p) = M^t^{X) E (S)"'^ l/n| 



n MB \ 



n>0 



where b = 4max{8Bi, B2, 32b3, 4B4} with with Bi, B2 being the constants of Propositions 
XII. 16 and XII. 18 and B3, B4 being the constants of Proposition XVI. 8. 

Remark XVII. 2 A sectorized Grassmann function w can also be uniquely written in the 
form 

w{(j),1p) — E / drii---drirnd£,-i_---diri Wrn,n{'n-i.,---,Vrn{ii,8i),---,{in.,Sri)) 
m,n J 

with Wm,n antisymmetric separately in the 77 variables and in the ^ variables. Then, 



m,n>0 



m+n ( [B \ {m+n)/2 



m,nlE 



n>0 



= MIe,(X) E PO;n Knll,S + TKnl3,E + FKnl5,E 



+71/16 \(m+n)/2 



Pm;T 



S [[(p-i)/2] l'"^m,nlp,E 



Here, w^ ,^ is the partial Fourier transform of Wm,n of Definition IX.l.ii and [{p — l)/2] is the 
integer part of In particular. 



N-{wi4>,0y,a; X,S,^ = e,(X) 



«V2;OBM^|«;^oIi,S + «V4;OB^|«;2;ol3,E 



and 



Ar-(«;(0, V); «; X, S, p) = iV,(«;(0, V'); a; X, E, p) 



Theorem XVII. 3 Let cb > 0. There are constants const, constg , cto, 7o o-nd tq that are 
independent of j, S, p such that for all a > ao and 7 < 70 the following holds: 

Let u{{^,s), ,s')),v{(£,,s), (£,' ,s')) e .7-o(2;S) be antisymmetric, spin independent, particle 

number conserving functions. Set 



C{k) 



jfco— e(k)— tt(fe) 



D{k) 



ikQ—e{k.)—v{k) 
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and let C{^,^'), D{^,^') be the Fourier transforms of C{k), D{k) as in Definition IX. S. 
Let B(k) be a function on JRx and set 



w)(o = / mem') 



where B was defined in Definition IX. 4- Furthermore, /et W(0, '0) be an even Grassmann 
function and set^^^ 

Assume that the following estimates are fulfilled: 

• Pm+i-n-i < 7Pm;n for all m > and n > 1. 

• \u{k)\, \v{k)\ < ^\iko-e{k)\ 

• 5^ < /u(A + X)ej(X) withX e^d+i, lJ',-^>0 suchthat{l+iJ,){A + Xo) <^ 

• \\B{k)\\~< CBtj{X) 

• W has a sectorized representative 

w{(f),'lp) = / dxi-dxr^ fn{xi,-,Xr,) *(a;i) • • •*(a;„) 



with antisymmetric functions fn G ^n;S such that /2 = and 
NJ^{w; 64a; X, S, p) < constg a+ ^ oot^ 

Then W' has a sectorized representative w' such that 

Nj {w - w; a; X, E, p) < const (- + 7) ^ conit 



^ Ar;^(w;64a;X,E,p) 



Furthermore, if one writes w'{(j), ip) = da;i---dx„ f!^{xi,---,Xn) ^^(a;i) • • • ^^(a;„) , with 
antisymmetric functions f^ e ■^n;Ej then 

lf/l~ ^ const [ Ar~(w;64a;X,E,p)^ 

|J2ll,E,p— ofi Mi 1-£2£sLjv~(«;;64q:;X,E,p) 

//one wzies w'{(j),ip) = w"{(j),ip + Bcj)) where (S0)(^,s) = / d^' ^(^, ^^^^^ 
afttise 0/ notation, and expands 

w"{(j), 'ip) dxi-dxr, f^{xi,-,Xr,) *(a;i) • • • *(a;„) 



The definition of W' as an analytic function, rather than merely a formal Taylor series was explained in 
Remark XV.ll. 
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with antisymmetric functions j'^ e fn-^n, then 

\ri-h-\ E(-l)'(12)'+'AntL,(/4; C,D)U,< ^^IirS^Sg^ 

Here Li{f4^; C,D) is a ladder in the sense of Definition XVI. 9. iv. 



The proof of Theorem XVII. 3 is similar that of Theorems XV.3 and X.12. Recall 
that w and w' are elements of the Grassmann algebra over the vector space, V ^ generated by 
4>{fi), fj e B, il;{^,s), s) e {B X E). Let c((-, s), (-, s')) and d[{-, s), s')) be the Fourier 
transform of Xs{k) C{k)xs'{k) and Xs{k) D{k) Xs'{k) in the sense of Definition IX.3. Then c 
and d define covariances on V by 



and 



The restriction of resp. Dj^ to the vector space, V^, generated by 'ip{$,, s), (^, s) G (i3 x E), 
coincides with the Cs resp. I>s of Proposition XII. 8, while the subspace V^xt, generated by 
4>{v)-i 17 e B, is isotropic and perpendicular to Ve with respect to both Cj: and D^- 
For / e ^rn{n; E) set 

f + l/l2~ E + T l/l3,E + T l/l4~ E ru ^ 

l/limpr,E = Pm;n <^ „ . (XVII.2) 

U/Ii,e + tI/I3,e if™ = 

and for / e .Fn;E set 

l/Ur,E = Mimpr.E + E 



limpr,E 



re{o,i}" 

m(i*)<Ti 



where is the function on Bn such that 

■^1 (o,-,o) ivii-'-iVn) = (27r)'^+^(5(r7i + \-fin) givi, ■■■,fin) 

The seminorms | ■ l^j^pj. (and | ■ {[^^j. , -^mpr( ' ; a), to be introduced shortly) are used 
only locally, between this point and the end of the proof of Theorem XVII. 3. 
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Lemma XVII. 4 Under the hypotheses of Theorem XVII. 3, there exists a constant constj^ 
that is independent of j and S such that the covariances (Cs, D-^) have improved integration 
constants 

c = consti tj (X), |b = y/^, J = I 
for the families \ ■ \ and \ ■ li^p,. j] of seminorms (in the sense of Definition VI. 1 of [FKTr2]). 

Proof: By Proposition XVI. 8 and (XVII. 1), the covariances (C^, D-^) have integration 
constants 



c' = l2\c\^^ b' = ymax{8B3,B4}^ 

for the configuration | • |i p', | • I2 s p' ' ' I ' le E p seminorms, in the sense of Definition 
VI. 11 of [FKTr2]. Hence, by Lemma VI. 12 of [FKTr2], (Ce, Dt) have improved integration 
constants c', b' and J = [ for the families 

I/I ~ l/ll,S,p + l/l2,E,p + T l/ls.E.p + T l/l4,E,p + h l/l5,E,p + F l/l6,E,p 
l/limpr = l/ll,E,p + l/l2,E,p + T l/l3,E,p + T l/U.E.p 

When / e JP-o(n; S), |/|p+i,E,p < l/lp,E,p aU odd p so that 

i/Ie < I/I' < 2|/Ie i/ii~„.pr,E < i/iU ^ 2i/i:„p,,E 

Hence (Ce, -De) have improved integration constants 4c', 2b' and J = I for the famihes | • 
and I • limpr E °f seminorms. As in Lemma XV.5, c' < const M-^ ej(X) and the Lemma 
follows. ■ 

Lemma XVII. 5 Let cb > 0. Then there are constants const and 70, independent of M, j, 
S, p such that the following holds for all 7 < 70 and all X,Xb G ^d+i- Let g{(f),ilj) be a 
sectorized Grassmann function and set 

g'icf>,iP)=gicf>,,p + Bcf>) 

Assume that \\B{k)\\ < CBe-j{X) and \\B{k)\\ < CBXBtj{X). If Pm+i;n-i ^ Pm;n for all 
m > and n > 1, then 

N-ig'-g;a;X,^,p)< const 7X5 iV~ (^; 2«; X, E, p) 

Let Gm,n, resp. G'^ .^, he the kernel of the part of g, resp. g' , that is of degree m in (f) and 
degree n in i/j. Then, for p e {1,3}, 

l<^m,n - G'm,nlp,E,p ^ const 7X5 ej(X) ^ l<^m,nlp,E,p 

ni-\-n=p-\-l m-\-n=p-\-l 
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Proof: Let (p e JFm{n\ S), 1 < z < n and set, for fjm+i = {km+i, CTm+i, Om+i), 

r.-l,S„-l)) 

= Antext Yl j^'^ -B(fc^+i) £'+(?7m+i,C)<^('7ir-^'7m ; (6,Sl)-",(^<-l,Si-l),(C,s),(4i,Si),-",($ri-l,Sri-l)) 



ses 
if n > 2 and 

</f'(m,-,^m+i)(27r)''+i<5(fci+-+fe^+i) = Antext dc B{km+i) E+{fim+i,c)(pim,-,fim ; (C,s)) 

= Antext -B(fc^+i)v?(j?i,---,'?m ; (0, m+l) 
sGE 

if n = 1. For any fixed 171, • • • , fim+i 

< 2sup \B{k)\ |||(/?(»7i,-,'7m;(6,si)-,(C,s),-,(^«-i,s«-i))|||^ ^ 

when n > 2, since |£'+(?7™+i,c) | < 1 and the requirement that km+i be in the sector s restricts 
the choice of s to at most two different sectors. For n = 1, 

)| < 2sup|S(/c)| \(f{riu-,fim;{0,<Tm+i,am+i,s))\ 
k,s 

Since D^^;^£'+(?7„+i,c) = C^-E'+('7m+i,c), Leibniz and Corollary A.5.ii of [FKTol] implies that, 
for both X' = Xb and X' = 1, 

e.(^)b'lp,E < constt^{X)\\B{k)\\ 1^1;^^ < const CBX'e,(X) l^j^^^ (XVIL3) 

so that ej(X)|(/?'|p J, - < constCBlX' tj{X) |</?|p,E,p and 

ej(X)|v?'|^ < const CBi X' tj{X) |v?|^ (XVIL4) 
Write ^(0,V') = Ylm,n9mM,'ip), with of degree m in and degree n in V, 

and 

^ n 

fifm.nl^, V' + C) = y] E 9m,n-eA(f^^ V', C) 
m,n m,n^ " 

with gm,n-e,e of degrees m m cj), n — £ in i(; and £ in C. Let Gm,n and Gm,n-e,e be the kernels 
of gm,n{4'i'^) and gm,n-t,i{<P,'4', B(f)) respectively. By the binomial theorem and repeated 
application of (XVIL4), £ — 1 times with X' = 1 and once with X' = Xb, 

^jiX)\GZ,n-£,e\j: < (constCB7)^Q) XBtj{X)\G;;^^Jj. 
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if £ > 1. Then, 

^ n 

=fl'(0,V' + 50) -^('^^V') = Z2 E ^m,n-£,K<^> V', 50) 

and 



m,n>0 

If const 

[^L + const Cb'J) — 1 < const CB'ynll + const Cb'J) < const Cb'J [^) [i- + const Cb^ ) 

const Cb^^^ ^ const '^1^ 

and 

AT- (5,' - ^; a; X, S, p) < const 7 AT^ (^; 2a; X, S, p) 
The proof of the second claim is similar but uses 

\Gm,n-(.,l\p,T.,p ^ {constCBlYi^^ -^Bej „|p - 

and {const CBlYi^i) < const ^ for £ > 1, n < 4. ■ 

Proof of Theorem XVII. 3: For a sectorized Grassmann function v — Yln'^n with Vn G 
A" V let 

n 

n 

be the quantities introduced in Definition 11.23 of [FKTrl] and just after Lemma VI. 2 of 
[FKTr2]. Then 

N-{v; a) = ^ N-{v; a; X, S, p) 

where const ^ is the constant of Lemma XVII.4. 

If •^"•V,-De = ^(5s(-^-v,(5s+£'s) ' Proposition XII.8, parts (ii) and (in), 

and Proposition A.2.u of [FKTrl] 

w' = w"{(t),ip + B4)) 
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is a sectorized representative for W". We apply Theorem VI. 6 of [FKTr2] to get estimates 
on w" . Choosing constg = g ^^^^ , the hypotheses of this Theorem are fulfilled by Lemma 
XVII.4. Consequently, 

iV~(«" - a) < ^ (XVII.5) 



^>1 



In (XVII. 7), we used the description of ladders in terms of kernels given in Proposition C.4 
of [FKTr2]. 

By Lemma XVII.5, with Xb = 1, 

N^{w' -w;a) = iV~ {w"{(j), tl; + B(f)) - w{(j), i/'); a) 

< iV~ {w"{(p, i) + B4>)- w"{(t), ^A); a) + («;"((/), ^) - V'); a) 

< const 7 iV~ [w"] 2a) + A^'^ (w" - w; a) 

< const 7 A'"~ (tu; 20;) + (l + const ^)N'^ (w" — w; 2a) 

< const 7 iV~ («;; 2q;) + (l + const 7) ^ ,_Ti;i(t;L) 

< const + -y) ^r(^;64a;X,E,p) 



By (XVIL6), 

M^a2e,(X)|/^'|~ < M^ah,{X)\f^\:^^^^^ < const ^ 



Applying Lemma XVII.5 to the part of w" that is homogeneous of degree two in ip and 
combined yields 

l/2li,E,p<4e,(X)|/^'|~^^- 

and hence 

\f/\~ ^ const [ N~{w;64a;X,'^,P)^ 
l/2ll,E,p — a« Ml l-£2ast7v~(M;64a;X,E,p) 

By Lemma XVI.12 and (XVII.7) 

I/4 - /4 - J E (-i)^(i2)-^Ant L,iU C, D)\l^^ ^ < ^ [ 
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Theorem XVII.6 Let cb > 0. There are constants const , constg , ckq, 70 and tq that are 
independent of j, S, p such that for all a > ckq, £ > and 7 < 70 the following holds: 

Let, for K in a neighbourhood of zero, u^,v^ e !Fq{2;T,) be antisymmetric, spin indepen- 
dent, particle number conserving functions. Set 

'^k\,I^) — ^ko-e{^k)-u^(k) ' -^kI^-J — i/cq -e(k) — 6« (fc) 

and let Cfi;(^,^'), D^^{^,^') be the Fourier transforms of Ci^{k), Di^{k). Let Bi^{k) be a 
function on IR x IR^ and set 

Furthermore, let, for k in a neighbourhood of zero, yVi^{(f),'ilj) be an even Grassmann 
function and set 

:>V;(0,V):v.,i?. =^^C.(:>V«(0,V):v.,C.+dJ(0,V' + ^«0) 

Assume that the following estimates are fulfilled: 

• Pm+i;n-i < 7Pm;n for all 171 > and n > 1. 

• |tto(^)|, |^o(^)| < l\iko ~ e{k)\ and \j:;:V>^{k)\^^o\ < ^h^o - e{k)\ 

• ko|i,E < /u(A + ^)e,(X) and |£«kL=oIi,e ^ ^j(^)^ ^^^^ X,Y e ^d+i, //,A > 
such that (1 + /u)(A + Xq) < 

• ||So(A;)|r< CBe,(X) and || |f< CBej(X)Z mt/i Z e 0^1^+1 

• >V«; /las a sectorized representative with 

n = N^{wo; 64q;; X, E, p) < constg a+ J2 
Then has a sectorized representative w'l^ such that 

< const {7+iir=^}iV7(£«^KL=o; 16«; 
+ const I ^M^yn + + 7^) 

Lemma XVII. 7 Under the hypotheses of Theorem XVU.G, there exists a constant const2 
that is independent of j and S such that Co,e has contraction bound c, Co,e and £>o,e have 
integral bound |b and 

^C'k,e|^_q ^os contraction bound c' = const2 M'^^ tj(X)Y 

^Dk^j2\i^_q has integral bound ^h' = b 

for the family | ■ of symmetric seminorms. 



64 



Proof: The contraction and integral bounds on Co,e and Dq.e were proven in Lemma 
XVII. 4. Clearly, the function 

dK^i^y^) ~ dK iko-e{U.)-v^{k) ~ [ifeo-e(k)-t3^(fc)]^ dK^i^y^' 

is supported on the j*^ neighbourhood and obeys |^-Dk(/^)|^_q| < \iko^e{]i)\ ■ P^^^ (^^) 
of Proposition XVI. 8 and the first property of (XVII. 1), 2y^4B3£j^ < ^/e b is an integral 
bound for e| 

Set t" = 12 If^c^;!^^^!^ By part (i) of Proposition XVI.8 (see also Lemma VI. 15 
of [FKTr2]) and the second property of p in (XVII. 1), (^c«|^=o)e contraction bound 
c" . We showed in Lemma XV. 8 that 

c" < const M'^^ tj{X)Y 



Lemma XVII. 8 Let g{(j), if)) he a sectorized Grassmann function and set 

Under the hypotheses of Theorem XVII. 6, 

iV7(i^^;L^o;«; < const7ZAr~(^; 2a; X,S,p) 

Proof: Define, as in Lemma XVII. 5, for fjm-^i = {km+ii c"m+i: (^m+i): 

= Antext S jdC, Bi^{km + l) E-^{ijm + l,C)^{vi,---,flm ; (ei,Sl)---,(€i-l,Si-l),(C,s),(^i,Si),---,(€n-l,Sn-l)) 

seE J 
if n > 2 and 

</'K('7i,---,'7r^+i)(27r)''+i5(fci + ---+fc„+i) = Antext l dc. -B«(fe^+i) E+(,7„+i,c)v?(?7i,-,»7m ; (C,s)) 

= Antext -S«(fcm+i)<^(»7i,---,'7m ; (0,CTr„+i,ar„+i,s)) (27r)''+^(5(fciH Vkm+i) 

SET, 

if n = 1. By (XVII.4), with X' = Xb = 1, 



ei(^) I^oIe < const7ej(X) \^\^ 
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(XVII.8) 



and by the same derivation as led to (XVII. 4), but with X' = Xb = Z, 



'ji^) \k^'.L=o\i: ^ const7e,(X)Z |^|^ (XVII.9) 

As in Lemma XVII.5, write 5f(0, ip) = J2m,n9m,n{4>, 'ip), with gm,n of degree m in 
and degree n in i/j, and 

^ n 

QmA^, V' + C) = y] E 9m,n-£A(P^ ^' 
— £=0 

m,n m,n^ " 

with gm,n-£,£ of dcgrees m m cj), n — £ m i/j and £ in (. Let Gm,n and G^-^rn,n-£,£ be the kernels 
of gm,n{(p,'^) and gm,n-e,£{'^j'^T B^cf)) respectively. By the binomial theorem, Leibniz, one 
application of (XVII.9) and £ — 1 applications of (XVII. 8), 

^ji^)\kGZ,m,n-£,£L=o\i: ^ (const 7)^ ^ (X)Z , 
Since G'^.^^^ Q is independent of k, 

<^zAX)Z Y: E^C) (const 7)^a-+"(i^)^"^^"^/'|G-,J^ 
= i^e,(X)Z Y: (const 7)^a-+-(ig)^^^"^/^|G-,J^ 

m,n>0^~-'- 

= i^e,(X)Z 5] const7n(l + const 7r-^a-+-(i^)^"^+"^/'|G-,J^ 



m,n>0 

<iMfie,.(X)Z 5] const7 2V+-(if)(-+-)/^|G-,J, 

m,n>0 

< const 7 Z iV~ (^; 2a; X, S, p) 



Proof of Theorem XVII. 6: As in the proof of Theorem XVII. 3, let, for a sectorized 
Grassmann function v = En '^n with Vn G /\^ V, 

N-{v; a) = E b'^ l^nl^ = ^ N-{v; a; X, S, p) 

n 

and 
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By Proposition XII. 8, parts (ii) and (iii), and Proposition A.2.ii of [FKTrl], 

is a sectorized representative for W^. By the chain rule and the triangle inequality 

+ iV~(^K'(0,V' + 5o0) -<(0,V)]k=o;«) (xvii.io) 

+ N-{^ K(0, ^) - w^{cf>, ^)U^o ; a) 

By Lemma XVII.8, 
By (XVII.5), 

7V~(w;[,'; 2a; X, E, p) < iV^ (^x;o; 2a; X, E, p) + iV^ - Wo; 2a; X, S, p) 

< iV- («;o; 2a; X, E, p) + ^ 

^ AT~ fnn ■ 0^,- V ^ -L. const N~{wo;64:0';X,T:,p)^ 

< (Wo, 2a, X, L, pj + i-^N~{wo;64cx;X,i:,p) 

JV~(«;o;64a;X,E,p) 
- const l_£^JV~(wo;64a;X,S,p) 

SO that 

^7 ( i^^o (<^> V' + ^«<^) L^o ; « ; p) < const 7 ^ (XVII. 11) 

By Lemma XVII.5, with = ^«^k|^=o' ^ ^ Bq and X_b = 1, 

( h K' + ^o</>) - < (</., V)] K=o; «; ^, S, p) < const 7 at- ( | ; 2a; X, S, ^ 

< const 7 iV~ ( I^^Q ; 2a; X, E, p) + const 7 ^7 - w«]«=o ; 2a; X, E, p) 

(XVII. 12) 

By Theorem IV.4 of [FKTrl], with ji = (and assuming that we have chosen const^ > 1), 

+ 2^ i41^^°g;L) { il^const, M^^'e, {X)Y + As} 

< ^ {iV^ ( L=o ; 8«) + M'Yn + 4en} 

(XVII. 13) 

since tj{X)N'"{wo;32a) < const N"" {wq; 32a). Also 



a; 



' ( £ [< - w^U^o ; 2a; A, E, p) < s-i | Ar~ ( ; 16a) + M^Yn + 4sn} 
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Subbing (XVII.11-XVII.13) into (XVII. 10), 

"^«] K=o ; ^ ^ i-ol|in ^ + const 7 iV- ( | ; 2q;) 

+ (1 + 7 ) ^ T^%^ {^^ ( ^"''^ I .=0 ; + + 4^"} 

< const {7 + iirc^}A^r(i^^'^L=o; 16«;x,E,p) 

+ const con.t „ I ^2 M^Yn +^n + ^z] 



Remark XVII. 9 In Theorem XVII. 3, the sectorized representative w' of W' may be obtained 
from the sectorized representative of W by 

The obvious analog of this statement apphes to Theorem XVII. 6. 
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Appendix D: Naive Ladder Estimates 



Let j >2 and let E be a sectorization of scale j and length < t < ■ 

To systematically treat ladders, we introduce an auxiliary channel norm, similar to the | • I2 ^ 
norm, but with only the leftmost momenta held fixed. 

Definition D.l 

i) Let < r < 2 and / e J^r(4 - r, S). We set 

l/lchE= sup J2 J2 i ^,J^^^ \\\Df(fil,-,fjr;{^i,Si),-,{U-r,S4-r))\L^t^ 

' - - c-_-™t txtO Ddd — operator mx,u^ 

SI ,•■•,32 — r-6S 

The norm ||| ■ |||i,oo of Example IL6 refers to the variables ^i,- -,C4-r- If r = 0, we also write 
l/lc/i,E instead of |/| 

ii) If / e ^A„i:, we set 

ii,i2G{0,l} 

Lemma D.2 There is a constant const, independent of j and M such that the following hold. 
LetO <r <2 and f e :Fr{4:- r, S). 

I/Ue<I/Ii,e ifr<l 
\fL,i: < ^l/l3,E 

ii) 

l/li E < l/l3,E 
I/I3 5. < const 

Hi) If r = 1 or if r = and f is antisymmetric, then 

l/ll,E < ^l/lc^E 

Proof: Set 

F{fjl,---,fj.r;Sl,---,S4-r) — JJ maX \\\Df (iji,---,flr-,{^i,Sl),---,{U-r,S4-r))\\\-. ^ 

__o Ddd — operator 
5eINoXlN2 ^i^h 5(D)=5 
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i) Then 

l/lch,E ~ S F(j7i,---,?7^;si,---,S4-r) 

SI ,■ ■ •,S2_r 6S 

< sup F(77l,---,77r.;Sl,-",S4-r) = J) 

l<i]^<---<i]^_^<4-r SjSS for ' 

if r < 1 and, since S contains at most elements, 

l/lc/l,E ~ ^^^P X] F{fli,---,flr;Sl,---,S4,-r) 

SI S2_r.es 

< £2ns* Slip ^ F(?7i,---,j?^;Sl,-",S4—r) 

»71 .•■■,»7r6B S4_^eE 
si,---,S3_^6S 

< ^^y^ sup 5^ F{fii,---,flr-;Sl,---,S4-r) = ''""^^ I/I3 

l<il<---<i3_^<4-r Sj6S for ' 
Sii ■■■•,Si3_^eE <#n.---»3-r 



ii) 

l/l4,E ~ ^^P -P'(»?l.-",»?r;Sl,---,S4-r) 

SI , • ■ ■ ,S4_^ G2 

< sup ^ F(77i,-",??^;si,-",S4-r) = I/I3 

l<i^<---<i3_^<4-r SjSS for ' 
Sij .•■•,Sj3_^eE <7^n.---»3-r 

< const sup i*^(r;i,---,?7r-;si,-")S4-r) = const |/|^ 

SI ,■ ■ •,S4_^ GS ' 

since, by conservation of momentum, for any fixed s^^ j ■ ■ ■ j ^is- 

^ and fji, - ■ ■ ,fir, there at most 
const choices of Si, i ^ ii,- ■ -iz-r for which F(j?i,-",??^;si,---,s4-r) does not vanish. 



iii) If r = 1 or if r = and / is antisymmetric, then 



l/ll E "~ ^^P S F{fll,---,ijr.;Sl,---,S4-r-) 

' l<ii<- ■ ■<ii_^<4 — r s^6S for 

= sup ^ F(?7l,-",17r;Sl,---,S4-r) 

< sup F{fli,---,flr-;Sl,---,S4-r) = -^^f^ I / 1 c/l , E 

si,- -,S2_r,eS S3_^,S4-r-e^ 
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Corollary D.3 There is a constant const, independent of j and M such that for all f ^ 



Lemma D.4 Let fi, f2 G ^4;E cmd c,d E J^o{2; E). Define propagators 

CE((e,«),(e',«'))= E c((e,t),(e',0) 

tns^0 

d^{{c,s),{e,s'))^ J2 d{{c,t),{e,t')) 

t'nsV0 

over B X T,. Then 



\fl O (CE ® C^e) O /2|^^^ < const \\\d\\\oo |c|i 5^ |/l I 1,eI/2 ll,S 

|/l O (ce C^e) O /2|^;, J. < const |||d|||oo |c|i^j: \ fl\ch, i:\Mch, i: 

\fl O (ce C^e) O /2I3 J. < const \\\d\\\oo |c|i |/i|c/,,eI/2|3,E 

where |||(i|||c>o 



Proof: Set 



= E / dCifi'Cs /i(-,-,(C3,4).(^.«)) CE((C3,4).(Ci.«i)) /2((Ci,4).(^'.0,-, 




By iterated application of Lemma XVL6, 

|/ll,E ^ co'^«*|c|i,eI/iIi,eI/2|i,E 



Since 

/i o (ce «) cJe) o /2 = E / d^d^' c^e((^,s),(^',s')) 

s,s'eE J 

= E d^de f{-,-,-,-;(U),{^',s')) d{{^,t),{^',t')) 

snf#0, s'nfVB 
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we have 

|/l O (cs (g) d-s) O f2\^^ < const \\\d\\\oo 

This proves the first inequahty of the Lemma. To prove the third inequahty, set 
By conservation of momentum 

s,t,t'eE J 

Fix any i= (^l, • • • , ^4) G {0, 1}^ and let 



By (D.l) 

/i o (cs ® c^e) 0/21,-= E d^de gT{-,-,-,-;{C,^),e) d{{^,t),{e,t')) (D.2) 



For each v = 1, ■ ■ • ,4, &x fj,^ & B when = and e S when v = 1- Let 



z,, = 



f}jj if = 

{^U, Su) if = 1 



and 



By iterated application of Leibniz's rule and Lemma D.2.ii, 

Gr<const\c\^^ |/2|(i,i,,3,,^)|4,E 

<const\c\^^^ Ul|(n,i2,l,l)lcft,E \Mil,l,is,U)k^ 

< const|c|i J. |/l|c/i,E l/als.E 

Furthermore, by (D.2), 



c- —TXT tutO ' (Ju — operator 

JelNoXlNg ^ith 5(D)=5 
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This, together with part (ii) of Lemma D.2, shows that 



|/lo(cE«)(is)o/2|-|3 ,^ < const |/i O (cs «) (is) 0/2 I J. < const |||(i|||oo |c|i^s I/iIc^eI/sIs.E 

The proof of the second inequahty is similar to that of the third. Choose i — 
(ii, ^2, 1, 1) with ^1,^2 G {0, 1}. For each = 1, 2, fix 171^ e ;B when v = and e E when 
= 1. Let 

f]y if = 

{^t,, s^) if = 1 



z,, = 



and 



Gt= E E ii^ ™^ |||D ^r(«i.^2, (€3,53), (C4,s4);(e,s),5') ill ^ ^'^ 

r T»T t»t9 Ddd-operator m iiil,CX) 



By iterated apphcation of Leibniz's rule, 

Gr<const\c\^ j. |/l|(ii,i2,l,l)lcM: |/2|(i,i,i,i)lch,E 
< constjcli j, |/l|c/i,s l/2lc/i,S 

Furthermore, by (D.2), 

E E ir , max |||D /i o (ce ® ^e) o /2|-(.i,..,(e3,s3),(^4,s4))|||i ^ < 9 |||d|||ooG^ 

_ -n.n-'-i D dd — operator 

This shows that 

|/l O (CE O^e) o/2|,-.|^^ J, < const |||d|||oo |c|i^j^ |/i|^^^j:|/2|e,i,E 



Lemma D.5 Let /i,/2 G ^4;E &e momentum conserving functions. Also let u,v,u',v' G 
jFo(2; E) 6e antisymmetric, spin independent, particle number conserving functions whose 
Fourier transforms obey \u{k)\, \v{k)\, \u'{k)\, \v'{k)\ < ^\tko — e{k)\. Let X e 0^3 and < 
e < 1 such that 

l'"ll,E' l'"1l,E < 2W^ l^-^1i,E<W^ 

and 

\u{k) - u'{k)\, \v{k) - v'{k)\ < e\iko - e{k)\ 

Set 

^y'^) — ifc„-e(k)-«(fc) ' ^y'^) — iA;Q-e(k)-i3(fc) 



iA;o-e(k)-tt'(fc) ' u yry,) — tfeo-e(k)-i;'(fe) 
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and let C{^, ^'), D{^, ^'), C'{^, ^'), D'{^, be their Fourier transforms as in Definition IX. 3. 
Assume that Xq < min{Ti,T2}, where ti and are the constants of Proposition XIII. 5 and 
Lemma XIII. 6, respectively. 



|/i . C(C, D) . ^ < const ^ |/ii;,sl/2li,E 

|A . C(C, D) . f^l^ ^ < const ^ |/l|e;,El/2lch,E 

I A . C(C, D) . ^ < const ^ |/i|;^,eI/2|3~ E 



|/i.C(c,d)./2 - /i.C(c',i.')«/2|i,j: < const £[^i±^ |/i|~^|/2|~^ 
|A.C(c,D)./2 - /i.C(c',D')-/2L,,s < const e[^4i±^ 
|/i.C(c,D)./2 - fi*C{c',D').f2\l ^ < const e t ^^|/i|;,,eI/2|; 



I3,E 



Proof: Let c((-,s),(-,s'))5 «),(•,«'))) c'((-,s),(-,s'))) '^'((•. «).(•.«')) be the Fourier transforms 
of Xs{k)C{k)xs'{k), Xs{k)D{k)xs'{k), Xs{k) C'{k)xs'{k), Xs{k) D'{k)xs'{k) in the sense of 
Definition IX.3. By Proposition XIII. 5. ii and Lemma XIII. 6. i 

|c|i < const ^ y 

''^ ~ '"^ (D.3) 



|c-c'|i 5: < const £^ 



X 



For all s, s' G E, the L^-norm of Xs(/c) Xs'(/c) is bounded by const = const ^^y. 

The same holds for Xs{k) D'{k) Xs'{k). Also, the L^-norm of 

Xs{k) D{k) xAk) - Xs{k) D\k) xAk) = Xs{k) {v{k) - v\k))D{k)D\k) xAk) 

is bounded by £ const The same bounds apply when D is replaced by C. Consequently 

|||d|||oo < const ^ , |||/|||oo < const ^ , \\\d - d' \\\oo < e const ^ 

|||c|||oo < const , lllc'llloo < const , |||C - C'llloo < e const 

Also recall from Lemma XVI. 12 that if 
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then 

/l . (C ® D) . /2 = /l O (CE ® rfs) 0/2 , /l • (C ® D') • /2 = /l O (c's ® O /2 

To prove the first inequahty in part (i), observe that by Lemma D.4, (D.3) and (D.4) 

|/i o (ce (8) cZs) o /al^ J. < const ^ ^^jj |/i|i,eI/2|i,e = const ^ |/iIi,eI/2|i,s 
Similarly 

|/i o {dj: (8) ce) o /sI^^^ < const ^ |/iIi,eI/2|i,e 

|/i o (cE ® ce) o /2I1 < const ^ |/iIi,eI/2|i,e 



By Definition XlV.l.iii, C(C, L')=C®D + D®C + C®C. Therefore, the first inequality 
of part (i) follows. The proof of the other inequalities in part (i) is similar. 

To prove the first inequality of part (ii), it suffices by Definition XlV.l.iii to bound 
each of the quantities 

\fi*{C®D).f2-fi*{C'^D').f2\l 

|/i.(L»®C)./2-/i.(L»'®C")./2|~, 

\h*iC®C)*f2-fi*{C'®C')*f2\l 

by const e I l/ili EI/2I1 e- Again wc only bound the first quantity; the other two are 

similar. As above, by Lemma D.4, (D.3) and (D.4) 

|/i . (C L») . /2 - /i . (C D') . /2 1 ~ ^ 

< |/l O (cE ® (rfE - d'^)) o /2|~ ^ + |/i O ((cE - 4) O /2|~ ^ 

< const + s^^^ ^) I/iIi,eI/2|i,e 

< const e[^4lS^|/i|~^|/2|~^ 

The proof of the other inequalities in part (ii) of the Lemma is similar. ■ 

Corollary D.6 Let f e J^4-j: and let C, D, C", D' be as in Lemma D.5. Then 
i) 

~ / r \^ -(.+1 

|L,(/;C,i;)|^ ^< (const ^) I/I, ,, 



^K/;C',^)Ue< (const ^) I/I 



|L,(/; C, D) - L,(/; C", DOli,^ < £ (1 + X) (const 1/1^^^ 
|L,(/; C, i^) - L,(/; C", i;')|e„,E < ^ (1 + ^) (const ^) |/|,^^ 



(.+1 
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Proof: Part (i) follows by induction on £ from the first two inequalities of Lemma D.5.i 
using 

L,(/; C, D) = L,_i (/; C, D) . C(C, D) . / (D.5) 
To prove part (ii), observe that 



Li{f-C,D)-Li{f-C',D')= Li_i{f-C,D)-Li_,{f-C',D') .C{C,D).f 



+ Le-,{f; C, D') . [c(C, D) - C{C' , D')\ . / 



(D.6) 



and again apply induction on using part (i) and the first two inequalities of Lemma D.S.ii. 



Proposition D.7 Let f e ^4;e- -^iso let u,v,u',v' e J^o{2;T,) be antisymmetric, 
spin independent, particle number conserving functions whose Fourier transforms obey 
\u{k)\, \v(k)\, \u'{k)\, \v'{k)\ < ||z/co - e{k)\. Let X and < e < 1 such that 



and 



\u{k) - u'{k)\, \v{k) - v'{k)\ < e\iko - e{k)\ 



Set 



C{k) 
C'{k) 



iko—e{'k)—u{k) 

— e(k) — -u' (fc) 



D{k) 
D'{k) 



iy^^^ + '>(k) 
tko—e{'k)—v{k) 

u'^^i+^Hk) 
ifco — e(k)— ^'(fc) 



and let C(^, ^'), -D(^, ^'), C"(^, ^'), -D'(^, i') he their Fourier transforms as in Definition IX. 3. 
Assume that Xo < min{Ti,r2}, where ti and T2 are the constants of Proposition XIII. 5 and 
Lemma XIII. 6, respectively. Then for all £ > 1 



i) 



|L,(/;C,i?)|^ ,,< (const ^) l/L, 
\L,{f-C,D)\l ^ < (const |/U%|/| 



ii) 



|L,(/; C, D) - Leif; C , D%^^ <e{l + X) (const |/|3~' 



^+1 
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Proof: The first inequafity of part (i) was already stated in Corollary D.6.i. By (D.5), the 
second inequality of part (i) follows from Corollary D.6.i and the third inequality of Lemma 
D.5.i. 

With an argument as above, using Lemma D.5 and Corollary D.6 one deduces from 
(D.6) that 

\Leif;C,D)-Leif;C',D')\l^<eil + X) (const l/l^^ IfQ^^ 

the claim now follows Corollary D.3. ■ 

Remark D.8 Using Corollary D.3, one also sees that in the situation of Proposition D.7, 

\L,{f;C,D)\^^^< (const j^) \f\,,, 
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Notation 



Norms 



Norm 



Characteristics 



Reference 



III 1,00 
II 1,00 

II 00 

III 00 

111 

\oo,B 
\\l,B 



iV(W; c,h,a) 
No{W;p;X,p) 

II • lUi 

iV-(>V;/?;X,p) 

I ■ r 

iV~(W;c,b,a) 

I • lp,E 

I ■ lp,E 
I ■ lp,E,p 

I/Ie 

I ■ lc/i,E 
I ■ lc/i,E 



no derivatives, external positions, acts on functions 
derivatives, external positions, acts on functions 
derivatives, external momenta, acts on functions 
no derivatives, external positions, acts on functions 
derivatives, external momenta, acts on functions 
derivatives, external momenta, B cJRx 
derivatives, external momenta, i? C IR x IR^ 



1,00 



b2 



m,n>0 



«"b-||>V„,, 



^o(^) Sm+nG2]N Z^'' 

Hm;n ,n II 1,00 

derivatives, acts on functions on IR x H*^ 
derivatives, external momenta, acts on functions 

like prn;n II • || but acts on V^'^ 

derivatives, external positions, all but p sectors summed 

I</'Ii,e + tI<^I3,e+fI'^I5,e ifw = 
jwWl^li,E if m 7^0 



m,n\Y, 

derivatives, external momenta, all but p sectors summed 
weighted variant of | ■ \^-^ 

ifm = 



I/Ii,e + tI/I3,e + fI/I5,e 
Yjp=i [[(p-i)/2] l/lp,E if 777,7^0 



channel variant of 
channel variant of 



l2,E 



l2,E 



for ladders 
for ladders 



Example II. 6 
Example II. 6 
Definition IV. 6 
Example III.4 
Definition IV. 6 
Definition IV. 6 
Definition IV.6 
Lemma V.l 
Definition III.9 
Theorem V.2 
Theorem VIII.6 
before Lemma IX. 6 
Definition X.4 
before Lemma X.ll 
Theorem X.12 
Theorem X.12 
Definition XII.9 

Definition XV. 1 

Definition XV. 1 
Definition XVI.4 
Definition XVII. l.i 

Definition XVII. l.n 

Definition XVII. 1. in 
Definition D.l 
Definition D.l 
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Other Notation 



Not'n 


Description 


Reference 


1)5(>V)(0,V) 


log 1 f e^^'l''^+0 dfxsiO 




before (I.l) 


J 


particle/hole swap operator 




(VI.1) 








Definition VII. 1 


ro 


number of /cq derivatives tracked 




§VI 


r 


number of k derivatives tracked 




§VI 


M 


scale parameter, M > 1 




before Definition VIII. 1 


const 


generic constant, independent of scale 






const 


generic constant, independent of scale and M 






z/W(A;) 


j^^ scale function 






Definition VIII. 1 




j^^ extended scale function 




Definition VIII.4.i 


— ' j 


Vp(M2i-i(fc2 + e(k)2)) 




uennition v iii. i 


— ' yK j 


V?(M2j-2(fc2 + e(k)2)) 




uennition v iii.'i.u 




^(M2j-3(fc2 + e(k)2)) 




Definition VIII. 4. iii 


I 


length of sectors 






Definition XII. 1 


S 


sectorization 




) 


Definition XII. 1 


6(6) 


sup,nsup^i,...,uee ( 




Definition IV. 1 


B 


j-independent constant 




Definitions XV.l,XVII.l 








Definition XII. 2 




\So\<-ro 


or |i5o|>ro 








_ 

~ l-MiX 






Definition XV.l.ii 


* 


convolution 






before (XIII. 6) 


o 


ladder convolution 






Definition XlV.l.iv 


• 


ladder convolution 






Definitions XIV.3,XVI.9 


/ 


Fourier transform 






Definition IX.l.i 


u 


Fourier transform for sectorized u 




Definition XII. 4. iv 


r 


partial Fourier transform 




Definition IX.l.ii 


X 


Fourier transform 






Definition IX. 4 


B 


H X TR^ X {t,i} X {0,1} viewed as position space 


beginning of §11 


B 


TR X TR^ X {t,i} X {0,1} viewed as momentum space 


beginning of §IX 


Bm 


{ ifii,---,fim)eB^ 1 


fji-\ h = } 




before Definition X.l 




U (B X S) 






Definition XVI. 1 




functions on B'^ x B"', antisymmetric in B™ arguments 


Definition II. 9 




functions on B'^ x B"', antisymmetric in B'^ arguments 


Definition X.8 


Tm{n; E) 


functions on B"^ x (B 


X E)", internal momenta in sectors 


Definition XII.4.n 


J^m{n; S) 


functions on B"^ x (B 


X S)", internal momenta in sectors 


Definition XVI.T.i 




functions on that reorder to J^min — m; E)'£ 




Definition XVI.7.in 
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